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Abstract

We consider the problem of model selection for the general stochastic contextual bandits
under the realizability assumption. We propose a successive refinement based algorithm
called Adaptive Contextual Bandit (ACB), that works in phases and successively eliminates
model classes that are too simple to fit the given instance. We prove that this algorithm is
adaptive, i.e., the regret rate order-wise matches that of FALCON, the state-of-art contextual
bandit algorithm of Simchi-Levi and Xu (2020), that needs knowledge of the true model
class. The price of not knowing the correct model class is only an additive term contributing
to the second order term in the regret bound. This cost possess the intuitive property that it
becomes smaller as the model class becomes easier to identify, and vice-versa. We then show
that a much simpler explore-then-commit (ETC) style algorithm also obtains a regret rate
of matching that of FALCON, despite not knowing the true model class. However, the cost
of model selection is higher in ETC as opposed to in ACB, as expected. Furthermore, ACB
applied to the linear bandit setting with unknown sparsity, order-wise recovers the model
selection guarantees previously established by algorithms tailored to the linear setting.

1. Introduction

The Contextual Multi Armed Bandit (MAB) problem is a fundamental online learning set-
ting that aims to capture the exploration-exploitation trade-offs associated with sequential
decision making (c.f. Cesa-Bianchi and Lugosi (2006); Chu et al. (2011)). It consists of an
agent, who at each time is shown a context by nature, and subsequently makes an irrevoca-
ble decision from a set of available decisions (arms) and collects a noisy reward depending
on the arm chosen and the observed context. The agent initially has no knowledge of the
rewards of the various actions, and has to learn by repeated interaction over time, the
mapping from the set of context and arms to rewards. The agent’s goal is to minimize
regret —the expected difference between the reward collected by an oracle that knows the
expected rewards of all actions under all possible observed contexts and that of the agent.
The recent books of Lattimore and Szepesvari (2020), Slivkins (2019) and the references
therein provide comprehensive state-of-art on the general bandit problem.

We study the model selection question in general stochastic contextual bandits (c.f.
Agarwal et al. (2014a), Agarwal et al. (2012), Simchi-Levi and Xu (2020), Foster and Rakhlin
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(2020a)) . In this setting, at the beginning of each round ¢ € [T], nature reveals a con-
text x; € X to an agent, who then subsequently takes an action a; € A from a finite
set, and obtains a reward 7. In the stochastic setting (the focus of the present paper),
the set of contexts (x;)._, are assumed to be i.i.d. random variables, with an arbitrary
and apriori unknown probability distribution over X. At each time ¢, conditional on the
context x; and the action taken a;, the observed reward r; is independent of everything
else, with the mean E[r¢|z¢, a;] = f*(z¢,a), where f* : X x A — [0,1], is an apriori un-
known function. The agent is given a finite, nested family (F,,,)_; of hypothesis classes!,
where 1 < my; < mg < M implies F,,, C F,,. Further, there exists an optimal class
d* :=1inf{l <m < M : f* € F,}, i.e., Fy is the smallest hypothesis class containing the
unknown reward function f*. The agent is not aware of d* apriori and needs to estimate
it. Model selection guarantees then refers to algorithms for the agent whose regret scales in
the complexity of the smallest hypothesis class (Fq+ in the above notation) containing the
true model, even though the algorithm was not aware apriori.

In the case when the agent has knowledge that f* € F but does not know f*, Simchi-Levi
(2020) recently gave the first computationally efficient algorithm FALCON, that achieves
regret-rate scaling as /7. It was shown in Simchi-Levi and Xu (2020), that since g € Fy-
(i.e., realizable model), the stochastic contextual bandit can be reduced to an offline regres-
sion problem, which can be efficiently solved for many well known function classes (for ex.
the set of all convex functions (Ghosh et al., 2019)). The regret of FALCON was shown to
scale proportional to the square root of the complexity of the function class Fy« times T,
the time horizon. In the case when Fy« is a finite set, the complexity equals the logarithm
of the cardinality, while if the class is infinite (either countable or uncountable), complexity
is analogously defined (c.f. Section 5).

The study in this paper is reliant on two assumptions: (i) Realizability (Assumption
1), —the true model belongs to at-least one of the many nested hypothesis classes, and
(ii) Separation (Assumption 2) —the excess risk under any of the plausible model classes
not containing the true model is strictly positive. Realizability, has been a standard as-
sumption in stochastic contextual bandits (Foster et al. (2019), Foster and Rakhlin (2020a),
Simchi-Levi and Xu (2020)), and is used in our setup to define the optimal model class that
needs to be selected. The separation assumption is needed to ensure that not selecting a
relizable model class leads to regret scaling linear in time. The separation assumption is
analogous to that used in standard multi-armed bandits (Lattimore and Szepesvari, 2020),
where the mean reward of the best arm is strictly larger than that of the second best arm.

In parallel independent work, Krishnamurthy and Athey (2021) also study model selec-
tion problem, under the same assumptions of realizability and separation that we make.
They propose ModIGW algorithm that is built on FALCON and shares similarity to our algo-
rithm ACB; both algorithms run in epochs of doubling length, where at the beginning of
each epoch, an appropriate model class is selected, and the rest of the epoch consists of
playing FALCON on the selected model class. In order to select the appropriate class, the
nested structure of model classes along with the fact that the largest class M is realizable by
definition is used. The regret guarantees are similar for both ACB and ModIGW, with ModIGW
having a better second order term, as they have a stronger assumption on the regression

1. We use the term hypothesis class and model class interchangebly

and Xu



MODEL SELECTION FOR GENERIC CONTEXTUAL BANDITS

oracle. Remark 5 highlights that under the same assumption on the regression oracle, the
second order term of ACB will match (order-wise) that of ModIGW. The ACB Algorithm and its
analysis can be viewed as a meta-algorithm, that uses FALCON, the state-of-art contextual
bandit algorithm as a black-box to yield model selection guarantees. Thus any improvement
to the contextual bandit problem, automatically yields a model selection result through ACB.

1.1 Our Contributions

We classify our contributions into three.

1. A Successive Refinement Algorithm for General Contextual Bandit - We
present Adaptive Contextual Bandit (ACB) that matches (order-wise), the regret rate of
FALCON (Simchi-Levi and Xu (2020)), the state of art algorithm in contextual bandits which
assumes knowledge of the true model class. ACB proceeds in epochs, with the first step in
every epoch being a statistical test on the samples from the previous epoch to identify
the smallest model class, followed by FALCON on this identified class in the epoch. We show
that, with probability 1, eventually, ACB identifies the true model class (Lemma 1), and thus
its regret rate matches that of FALCON. ACB can be viewed as a meta-algorithm, that uses
FALCON, the state-of-art contextual bandit algorithm as a black-box. Thus any improvement
to the contextual bandit problem, automatically yields a model selection result through ACB.

Cost of model selection: The second order regret term in ACB scales as O (%QT—)»

where A > 0, is the gap (formally defined in Assumption 2) between the smallest class
containing the true model and the highest model class not containing the true model. This
term can be interpreted as the cost of model selection. Furthermore, as this term is inversely
proportional to the gap A, we see that an ‘easier’ instance (A being high), incurs lower cost
of model selection than an instance with smaller A. Furthermore, the model selection cost

can be reduced to O (mgging) if T'is known in advance.

2. An Explore-then-commit (ETC) algorithm, also achieves model selection,
but has a larger second order regret compared to ACB . We show that a ETC
algorithm also performs model selection, i.e., has a regret rate scaling as that of FALCON on
the optimal model class. However, the cost of model selection in ETC is O(%T—)), which
is larger than that of ACB. Nevertheless, asymptotically, a simple ETC algorithm suffices to

obtain model selection.

3. Improved Regret Guarantee with Linear Structure—In the special setup of
stochastic linear bandits, where the reward is a linear map of the context, we propose and
analyze an adaptive algorithm, namely Adaptive Linear Bandits-Dimension (ALB-Dim). We
show that the regret of ALB-Dim is independent of the number of actions (arms), which is
an improvement over the regret of ACB. Furthermore, we show that, when ACB is applied in
the linear bandit setting where each hypothesis classes specifies the sparsity of the linear
bandit parameter, the regret guarantee matches order-wise, upto a \/W factor to that of
ALB-Dim. On the other hand, ALB-Dim provides model selection guarantees even when the
number of actions (arms) is infinite.

Motivating Example: Model selection in contextual bandits plays a key role in appli-
cations such as personalized recommendation systems, which we sketch. Consider a system



(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

(such as news recommendation) that on each day, recommends one out of K possible outlets
to a user. On each day, an event is realized in nature, which can be modeled as the context
vector on that day. The true model function f* encodes the user’s preference; for example
the user prefers one outlet for sports oriented articles, while another for international events.
This apriori unknown to the system and needs to learn this through repeated interactions.
The multiple nested hypothesis classes corresponds to a variety of possible neural network
architectures to learn the mapping from contexts (event of the day) to rewards (which can be
engagement with the recommended item). In practice, these nested hypothesis classes range
from simple logistic regression to multi-layer perceptrons (Cheng et al., 2016). Complex
network architectures although has the potential for increased accuracy, incurs undesirable
overheads such as requiring larger offline training to deliver accuracy gains (Cheng et al.,
2016), computational complexity in hyper-parameter tuning (Caselles-Dupré et al., 2018)
and challenges of explainability in predictions (McInerney et al., 2018; Balog et al., 2019).
Model selection provides a framework to trade-off between accuracy and the overheads.

2. Related Work

Model selection for MAB have received increased attention in recent times owing to its
applicability in a variety of large-scale settings such as recommendation systems and per-
sonalization. The special case of linear contextual bandits was studied in Chatterii et al.
(2019), Ghosh et al. (2021) and Foster et al. (2019), where both instance dependent and
instance independent algorithms achieving model selection were given. In this linear bandit
framework, similar to the present paper, Foster et al. (2019) and Ghosh et al. (2021) con-
sidered the family of nested hypothesis classes, with each class positing the sparsity of the
unknown linear bandit parameter. In this setup, Foster et al. (2019) proposed ModCB which
achieves regret rate uniformly for all instances, a rate that is sub-optimal compared to the
oracle that knows the true sparsity. In contrast, both our paper and Ghosh et al. (2021)
propose an algorithm that achieves regret rate matching that of the oracle that knows the
true sparsity. The cost of model selection contributes only a constant that depends on the
instance but independent of the time horizon. However, unlike ModCB, our regret guaran-
tees are problem dependent and do not hold uniformly for all instances. A parallel line of
work on linear bandits has focused on simple LASSO type algorithms under strong stochas-
tic assumptions on the distribution of the contexts that achieve model selection guarantees
(Bastani and Bayati, 2020a; Bastani et al., 2021; Oh et al., 2020; Ariu et al., 2020; Li et al.,
2021).

A black-box model selection framework for MABs called Corral was proposed in Agarwal et al.
(2017), where the optimal algorithm for each hypothesis class is treated as an expert and the
task of the forecaster is to have low regret with respect to the best expert (best model class).
The generality of this framework has rendered it fruitful in a variety of different settings; for
example Agarwal et al. (2017); Arora et al. (2021) considered unstructured MABs, which
was then extended to both linear and contextual bandits and linear reinforcement learning
in a series of works (Pacchiano et al., 2020a,b) and lately to even reinforcement learning
Lee et al. (2021). However, the price for this versatility is that the regret rates the cost of
model selection is multiplicative rather than additive. In particular, for the special case of
linear bandits and linear reinforcement learning, the regret scales as v/T in time with an
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additional multiplicative factor of v/ M, while the regret scaling with time is strictly larger
than /T in the general contextual bandit.

Adaptive algorithms for linear bandits have also been studied in different contexts from
ours. The papers of Locatelli and Carpentier (2018); Krishnamurthy et al. (2018) consider
problems where the arms have an unknown structure, and propose algorithms adapting to
this structure to yield low regret. The paper Lykouris et al. (2017) proposes an algorithm
in the adversarial bandit setup that adapt to an unknown structure in the adversary’s loss
sequence, to obtain low regret. The paper of Auer et al. (2018) consider adaptive algo-
rithms, when the distribution changes over time. In the context of online learning with
full feedback, there have been several works addressing model selection (Luo and Schapire,
2015; McMahan and Abernethy, 2013; Orabona, 2014; Cutkosky and Boahen, 2017). In
the context of statistical learning, model selection has a long line of work (for eg. Vapnik
(2006), Birgé et al. (1998), Lugosi et al. (1999), Arlot et al. (2011), Cherkassky (2002)
Devroye et al. (2013)). However, the bandit feedback in our setups is much more challeng-
ing and a straightforward adaptation of algorithms developed for either statistical learning
or full information to the setting with bandit feedback is not feasible.

Notation: Throughout the paper, we use C,Cy,Cs,...,c,c1,¢2,... to denote universal
positive constants, the value of which may change from instance to instance. Also, for a
positive integer r, we denote the set {1,2,...,r} by the shorthand [r]. Also, a < b means
a < Cb for a universal constant C'. Similarly a 2 b implies a > Cb for a positive constant C.
Also, ||.|| denotes 5 norm of a vector unless otherwise specified. For a symmetric matrix A,
we denote the maximum and minimum eigenvalues as Apax(A) and Apin(A) respectively.

3. Problem Setup
3.1 Preliminaries

Setup: Let A be the set of K actions, and let X C R¢ be the set of d dimensional
contexts. At time ¢, nature picks (x¢,7;) in an i.i.d fashion, where x; € X and a context
dependent r; € [0, 1]K . All expectation operators in this section are with respect to this
iid. sequence (x,r). Upon observing the context, the agent takes action a; € A, and
obtains the reward of ry(a;). Note that, the reward r (as, ;) depends on the context
and the action a;. Furthermore, it is standard (Foster et al. (2019); Simchi-Levi and Xu
(2020)) to have a realizibility assumption on the conditional expectation of the reward, i.e.,
there exists a predictor f* € F, such that E[ri(a,x)|z,a] = f*(z,a), for all z and a. We
suppress the dependence of the reward on the context x; and denote the reward at time ¢
from action a € A as 1(a).

In the contextual bandit literature (Agarwal et al. (2012); Simchi-Levi and Xu (2020)) it
is generally assumed that the true regression function f* is unknown, but the function class
F where it belongs, is known to the learner. The price of not knowing f* is characterized
by regret, which we define now. To set up notation, for any f € F, we define a policy
induced by the function f, 7p: X — A as 7y(x) = argmingc 4 f(z,a) 2, for all z € X. We

2. Ties are broken arbitrarily, for example the lexicographic ordering of A
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define the regret over T rounds as the following:
T
R(T) =Y [ri(mp (1)) — ri(ar)]-

t=1

4. Model Selection for General Contextual Bandits

In this section, we focus on the main contribution of the paper—a provable model selection
guarantee for the (generic) stochastic contextual bandit problem. In contrast to the stan-
dard setting, in the model selection framework, we do not know F. Instead, we are given
a nested class of M function classes, /1 C JFo C ... C Fps. Let the smallest function class
where the true regressor, f* lies be denoted by Fgy«, where d* € [M].

From the above discussion, since f* € Fy«, the regret of an adaptive contextual bandit
algorithm should depend on the function class Fy«. However, we do not know d*, and our
goal is to propose adaptive algorithms such that the regret depends on the actual problem
complexity Fy«. First, let us write the realizability assumption with the nested function
classes.

Assumption 1 (Realizability). There exists 1 < d* < M, and a predictor f* € Fg~, such
that Elry(a)|x] = f*(z,a), for all x and a.

Furthermore, in order to identify the correct model class within the given M hypothesis
classes, we also require the following separability condition. Note that similar separability
condition is also witnessed in Krishnamurthy and Athey (2021).

Assumption 2. There exists a A > 0, such that,

inf inf E —f* 2> A,
jonf i, [f(z,a) — f*(z,a)]" >

The parameter A > 0 is the minimum separation across the function classes. The expecta-
tion above is with respect to the distribution by which the contexts are selected.

The above condition implies that there is a (non-zero) gap, between the regressor func-
tions belonging to the realizable classes and non-realizable classes. Since, we have nested
structure, F; C Fo C ... C Fas, condition on the biggest non-realizable class, Fy«_1 is suf-
ficient. Note that separability condition is quite standard in statistics, specially in the area
of clustering (Lu and Zhou (2016)), analysis of Expectation Maximization (EM) algorithm
(Kwon and Caramanis (2020); Balakrishnan et al. (2017), understanding the behavior of
Alternating Minimization (AM) algorithms (Yi et al. (2016); Ghosh et al. (2019)). Model
selection without separability condition is kept as an interesting future work. Note that
although we require the gap assumption for theoretical analysis, our algorithm (described
next) does not require any knowledge of A.

4.1 Algorithm—Adaptive Contextual Bandits (ACB)

In this section, we provide a novel model selection algorithm that use successive refinements
over epochs. We use a provable contextual bandit algorithm, namely FALCON (stands for
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FAst Least-squares-regression-oracle CONtextual bandits) of Simchi-Levi and Xu (2020),
as a baseline, and add a model selection phase at the beginning of each epoch. In other
words, over multiple epochs, we successively refine our estimates of the proper model class
where the true regressor function f* lies. The details are provided in Algorithm 1. Note
that ACB does not require any knowledge of the separation A. We first briefly discuss the
FALCON algorithm.

The Base Algorithm: Recently, Simchi-Levi and Xu (2020) proposed and analyzed a
contextual bandit algorithm, FALCON, which gives provable guarantees for contextual ban-
dits beyond linear structure. FALCON is an epoch based algorithm, and depends only on
an offline regression oracle, which outputs an estimate f of the regression function f* at
the beginning of each epoch. FALCON then uses a randomization scheme, that depends
on the inverse gap with respect to the estimate of the best action. Suppose that the true
regressor f* € F, and the realizibility condition (Assumption 1) holds. With a proper
choice of learning rate, with probability 1 — §, FALCON yields a regret of

R(T) < O(\/KTlog(|FIT/3)).

Although the above result makes sense only for the finite F, an extension to the infinite F
is possible and was addressed in the same paper (see Simchi-Levi and Xu (2020)).

Our Approach: We use successive refinement based model selection strategy along with
the base algorithm FALCON. The details of our algorithm, namely Adaptive Contextual
Bandits (ACB) are given in Algorithm 1. We break the time horizon into several epochs with
doubling epoch length. Let 79, 71, ... be epoch instances, with 7y = 0, and 7,,, = 2"". Before
the beginning of the m-th epoch, using all the data of the m — 1-th epoch, we add a model
selection module, as shown in Algorithm 1 (lines 4-8).

Note that, in ACB, we feed the samples of the m — 1-th epoch to the offline regression
oracle. Moreover, we split the samples in 2 equal halves. We use the first half to compute
the regression estimate

Tm—1/2

fir =argminger > (flzr,ar) = rear)?

t=Tm—2+1

via offline regression oracle, for all m € [M]. ACB then use the rest of the samples to
construct the test statistics given by,

. 1 Tm—1 o
55 = om—2 Z (f" (@1, a1) = 7e(ar))®
t=Tm—1/2+1

for all m € [M]. We do not use the same set of samples to remove any dependence issues
with fI and the samples {z¢, s, Tt(at)}zr:i,l/zﬂ'

ACB then compares the test statistics {S;”}n]‘f:l in Line 8 of Algorithm 1 to pick the
model class. Intuitively, we expect S]m to be small for all hypothesis classes that contain
fg+- Otherwise, thanks to the separation condition in Assumption 2, we expect S;” to be

large. Realizability, i.e., Assumption 1 ensures that Fjs, the largest hypothesis class by
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Algorithm 1: Adaptive Cotextual Bandits (ACB)
1: Input: epochs 0 = 79 < 71 < 79 < ..., confidence parameter ¢, Function classes
FiCF C...CFum
2: for epoch m=1,2,..., do

3: Om = 0/2™

4:  for function classes j = 1,2,...,M do

5: Compute f]m = argmin ez, Efi;jfi+1(f(xt7 at) — r¢(ar))? via offline regression
oracle X

6: Construct S7" = Qm% ZZ:;;,l/erl(f}n(:Et, a) — re(ag))?

7. end for

Model Selection: Find the minimum index ¢ € [M] such that S < S} + 2,”@
Let this class be denoted by F;”
9:  Set learning rate pp, = (1/30)\/K (Tm—1 — Tm—2)/108(|F/*|(Tim—1 — Tm—2)m/0m)

10 forroundt=71,_1+1,...,7, do

11: Observe context x; € X

12: Compute fzm(a) for all action a € A, set a; = argmaxaeAfg”(a)

13: Define p;(a) = Ko ;n(mi&t)_f?b(%a) Va # a,  pla) =1— 3,4, pi(a)
14: Sample a; ~ p;(.) and observe reward r(ay).

15:  end for

16: end for

definition contains the true model f*. Thus S}} serves as an estimate of how small the
excess risk of any realizable class must be. We set the threshold to be a small addition to
S7;. The additional term of /7% in Line 8 of Algorithm 1 is chosen so that it is not too
small, but nevertheless goes to 0, as m — co. In particular, we choose the threshold in ACB
such that it is large enough to ensure all realizable classes have excess risk smaller than this
threshold, but also not so large that it exceeds the excess risk of the non-realizable classes.

Let F;* be function class selected by this procedure in epoch m. ACB now uses in-
verse gap randomization with properly chosen learning rate (see Simchi-Levi and Xu (2020);
Foster and Rakhlin (2020b); Sen et al. (2021)) to select the action a;. In particular, with
fé” as the regressor function, let 4; = argmax ¢ 4 fzm(a) be the greedy action. The inverse
gap randomization p.(.) is defined in the following way:

1
= _ - - Va # ag, pe(ar) =1 — pi(a),
K+ pi(f) (x4, a¢) — f)" (24, 0) c;t

pi(a)

where K is the number of arms (actions) and p,, is the learning rate. Finally, we sample
action a; ~ p(.) and henceforth observe reward r(ay).

4.2 Analysis of ACB

We now analyze the performance of the model selection procedure of Algorithm 1. We have
the doubling epochs, i.e., 7, = 2™. Without loss of generality, we simply assume 7 = 2.
Also, assume that we are at the beginning of epoch m, and hence we have the samples from
epoch m — 1. So, we have total of 2~! samples, out of which, we use 22 to construct
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the regression functions and the rest 22 to obtain the testing function S]m. Furthermore,
we want the model selection procedure to succeed with probability at least 1 — 4/2™, since
the we want a guarantee that holds for all m, and a simple application of the union bound
yields that.

We first show that ACB identifies the correct function class with high probability after a
few epochs. We have the following Lemma.

Lemma 1 (Model Selection of ACB). Suppose Assumptions 1 and 2 holds and we run
Algorithm 1. Then, in all phases m such that

logT
A2

2™ > max{ log(|Farl),log(1/6)}

Algorithm 1 identifies the correct model class Fy« in Line 8, with probability exceeding
1—2M5.

Proof sketch. In order select the correct function class, we first obtain upper bounds on
the test statistics S](-m) for model classes that includes the true regressor fj.. We accomplish
this by first carefully bounding the expectation of Sj(m) and then using concentration. We

then obtain a lower bound on S](-m) for model classes not containing fj. via leveraging
Assumption 2 (separability) along with Assumption 1. Combining the above two bounds
yields the desired result. O

Regret Guarantee: With the above lemma, we obtain the following regret bound for
Algorithm 1.

Theorem 1. Suppose the conditions of Lemma 1 hold. Then with probability at least
1—2M6 — 6, running Algorithm 1 for T iterations yield

logT

R(T) é C maX{F,

log(|Fas ), 1og(1/6)} + O (VET log(1Far [T/9)) .

Several remarks are in order:

Remark 1. The first term of the regret scales weakly with T (as O(logT)). Hence, the
regret scaling (with respect to T) is O(\/KT log(|Fa|T/), with high probability, which
matches (upto a log factor) the regret of an oracle knowing the true function class Fy.

Remark 2. The first term can be interpreted as the cost of model selection. Hence, the

model selection procedure only adds a O <1°Ag2T > term (minor term compared to the VT

scaling) to the regret.

Remark 3. Algorithm 1 is parameter-free, i.e., does not need knowledge of A. Nevertheless,
the regret guarantee adapts to the problem hardness, i.e., if A is small, the regret is larger
and vice-versa.
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Remark 4 (Improvement from O(logT) to O(loglogT') in the model selection cost). We
emphasize that the O(logT) factor in the cost of model selection term can be improved, if
we have the knowledge of T apriori. In that setting, instead of substituting 0,, = 0/2™,
we substitute 6,, = 0/logT for all phases m. Since the doubling epoch ensures a total of
O(log T') epochs, this choice of O, indeed works with a regret of

1
p7

with probability at least 1 — 2M — 9.

R(T) < Cmax{—,log(|Fal),log(log T/8)} + O(\/ KT log(|F4|T log T/6),

Remark 5. The cost of model selection in Theorem 1, depends on the complexity of the
largest model class Far. Under a stronger assumption on the regression oracle used in Line
5 of Algorithm 1 (for example Assumption 5 of Krishnamurthy and Athey (2021)), then the
cost of model selection only depends on Fg« as opposed to Fyr.

4.3 A Simple Explore-Then-Commit (ETC) Algorithm for Model Selection

In the previous section, we analyze ACB, which was successively estimates the function class
over epochs and use FALCON as a base algorithm. In this section, instead, we use a simple
Explore-Then-Commit (ETC) algorithm for selecting the correct function class, and then
commit to it during the exploitation phase. After a round of exploration, we do a (one-time)
threshold based testing to estimate the function class, and after that, exploit the estimated
function class for the rest of the iterations. We show that this simple strategy finds the
optimal function class Fg+ with high probability. The details are given in Algorithm 2. We
now explain the exploration and exploitation phases of this algorithm.

For the first 2v/7 time epochs, we do the exploration (i.e., sample randomly). Precisely,
the context-reward pair (z,r¢) is being sampled by nature in an i.i.d fashion, and the action
the agent takes is chosen uniformly at random from the action set A. In particular, the
action is chose independent of the context z;. Hence, this is a pure exploration strategy.

Based on the samples of the first /T rounds, we estimate the regression function
{ fj}jj‘il for all the (hypothesis) function classes JFi,...,Fy via offline regression oracle

(see Simchi-Levi and Xu (2020)) and obtain f; = argminfe]_-j(Z:;/:T1 f(zy,as) — re(ay))? for
all j € [M].

To remove dependence issues, we use the remaining /T samples obtained form the
sampling phase. Here we actually compute the following test statistic for all hypothesis

classes, namely S; = %zg(fj(a:t,at) — r4(ag))*for all j € [M]. We then perform a

thresholding on {Sj}j]\il. We pick the smallest index j such that S; < Sy + %. We
then commit to this function class for the rest T — 2v/T time steps. Hence, in Algorithm 2,
we perform one step thresholding and commit to it. We show that simple scheme obtains

the correct model with high probability.

4.4 Regret Guarantee of ETC

Here, we analyze Algorithm 2 with large gap assumption. We have the following lemma on
model selection with ETC:

10
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Algorithm 2: ETC for model selection for contextual bandits
1: Input: Function classes 1 C Fo C ... C Fu, time horizon T, confidence parameter &
: Explore:
. fort=1,2,...,[VT] do
Observe context reward pair (x¢,7)
Select action a; uniformly at random from A, independent of x
Observe reward r4(ay)

end for
Compute regression estimator f; = argmin ez, % Zl[;/lﬂ [f (w4, a0) — 7¢(ar)]? (via

P N D g Wy

offline regression oracle) for all j € [M]
9: Model Selection test:
10: Obtain another set of [v/T'] fresh samples of (z¢, 7, a;) via pure exploration (similar to

line 4-6 )
11: Construct the test statistic S; = (—\/IT] [;/lﬂ(f] (x4, at) — 1¢(az))? for all j € [M]
12: Thresholding: Find the minimum index ¢ € [M] such that S; < Sy + 1%. We

obtain the regressor fg e Fy
13: Commit:
14: for t = 2[v/T] +1,...,T do
15:  Observe context reward pair (z,7¢)
16:  Select action a; according to inverse gap randomization of Algorithm 1 (lines 9-15)
with the function class Fy and observe reward r(a;)
17: end for

Lemma 2 (Model Selection for ETC). Suppose the time horizon satisfies
T 2 (logT') max <log (\/T]]-"MD ,A_4,log(1/5)> :

Then with probability at least 1 — 4M§, line 11 in Algorithm 2 identifies the correct model
class Fgr.

We now analyze the regret performance of Algorithm 2. The regret R(T") is comprised
of 2 stages; (a) exploration and (b) commit (exploitation). We have the following result.

Theorem 2. Suppose Assumptions 2 and 3 hold. Then with probability at least 1—4MJ—6,
running Algorithm 2 for T iterations yield

R(T) < C (log T) max <10g (VT|Ful), A7, 10g(1/6)) + O <\/KT log(|74+17/9)) -
Remark 6. Asymptotically in time, ETC matches the guarantee of an oracle which knows
the true model class apriori.

Remark 7. The cost of running the simpler ETC algorithm is a worse dependence on the
additive constant which scales as loi# as opposed to loi# in Algorithm 1. This shows that
although asymptotically Algorithms 1 and 2 have identical scaling, the regret guarantee of

Algorithm 1 is better, as expected.

11
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5. General Contextual Bandits with Infinite Function Classes

The results in Section 4 hold for finite function classes, since the regret bound depends on
the cardinality of the function class. However, as shown in Simchi-Levi and Xu (2020), it
can be easily extended to the infinite function class setting. Exploiting the notion of the
complexity of infinite function classes, this reduction is done.

Like before, we consider a nested sequence of M function classes Fi C ... C Fyr. The
reward is sampled from an unknown function fj. lying in the (smallest) function class
indexed by d* € [M], which is unknown. Given the function classes, our job is to find the
function class Fy«, and subsequently exploit the class to obtain sub-linear regret. Let us
first rewrite the separability assumption.

We assume that the function classes F; C ... C Fjs are compact. This, in conjunction
with the extreme value theorem, it is ensured that the following minimizers exist: for j < d*,
we define

fj = arginffe]:j Ew,a[f(x7a) - f;ik* (:Ev (I)]2

for all pairs (z,a). For j > d*, we know that this minimizer is indeed fj.. This comes
directly from the realizibility assumption. Note that we require the existence of the mini-
mizer (regression function) in order to use it for selecting actions in the contextual bandit
framework (see Simchi-Levi and Xu (2020))

Having defined the minimizers, we rewrite the separability assumption as following:

Assumption 3. For any fj, where j < d*, we have
E:c,a[fj(xa a) - f}(m,a)F Z A?
for all pairs (x,a) € X x A.

Similar to Simchi-Levi and Xu (2020), here, we are not worried about the explicit form
of the regression functions fj Rather, we assume the following performance guarantee of
the offline regressor. For j > d* (meaning, the class containing the true regressor f;.), we
have the following assumption.

Assumption 4. Givenn i.i.d data samples (x1,a1,71(a1)), (22, a2,72(a2)), ..., (Tn, an, mn(an)),
the offline regression oracle returns a function f;, such that for 6 > 0, with probability at
least 1 — 0,

Em,a[fj($aa) - f;lk* (l‘,a)]2 < 5]:].75(71)

This assumption is taken from (Simchi-Levi and Xu, 2020, Assumption 2). As discussed
in the above-mentioned paper, the quantity 5(_7_)(71) is a decreasing function of n, e.g.,
§,)(n) = O(1/n). As an instance, consider the class of all linear regressors in R%. In that
case, §(y(n) ~ O(d/n). For function classes with finite VC dimension (or related quantities

like VC-sub graph or fat-shattering dimension; pseudo dimension in general, denoted by J),
we have £ y(n) ~ O(d/n).

Here, to avoid repetition, we do not present all our previous results in the infinite function
class setting. We consider two instances:

12
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1. The adaptive contextual bandit (ACB) algorithm ( Algorithm 1).

2. The ETC algorithm ( Algorithm 2).

The model-selection algorithm remains more-or-less the same overall.

For Option I, we collect all the samples from the previous epoch of the FALCON algo-
rithm, split the samples, to obtain the regression estimate fjm and similarly construct test
statistic S}” for all j € [M]. In this setting, for the m-th epoch, with model chosen as Fy, we
set the learning rate (similar to the FALCON+ algorithm of Simchi-Levi and Xu (2020))
as

Pm = (1/30)\/K/5]—‘g",5/2m2 (Tm—1 — Tm—2)-

For Option II, we explore for the first 2¢/7 rounds. The first v/T rounds are used to
collect samples (x¢, 7, a;) via pure exploration. Feeding this samples to the offline regres-
sion oracle, and focusing on the individual function classes {F; }J]\il separately, we obtain
( fj, 13 ]:j’(;(\/T )) for all j € [M]. Thereafter, we perform another round of pure exploration,
and obtain /T fresh samples. Like in the finite case, we construct statistic S; for all j € [M].

Similar to Algorithms 1 and 2, we choose the correct model based on a threshold on the
test statistic S}” (for Option II, it is S;) and the threshold in phase m is 4™ := Sﬂ\/g

(v:=Su+ \/l(\)}gg for Option II). We show that for all sufficiently large phase numbers,

for all j > d*, S7* < ™, and for all j < d*, 57" > 4™ with high probability. Once this
is shown, the model selection procedure follows exactly as Algorithm 2, i.e., we find the
smallest index ¢ € [M], for which Sy <™. With high probability, we show that ¢ = d*.

Regret Guarantee We first show the guarantees for Option I, and Option II.

Theorem 3. (ACB with infinite function classes) Suppose Assumptions 1, 3 and 4 hold.
Then, with probability at least 1 — 2M§ — 6, running Algorithm 1 for T iterations yield

R(T) < Clog T) max{max 2"/ 5, 1 n/2(272),log(1/8), A7} + O (\[Kéz,. 5or(T)T).

Theorem 4. (ETC with infinite function classes) Suppose Assumptions 1, 3 and 4 hold.
Then, provided,

T 2 (log T) max <T1/4£]—'M,(1/T1/4)7 A log(1/5)) )

with probability at least 1 — 4M, line 11 in Algorithm 2 identifies the correct model class
Fgr. Furthermore, running Algorithm 2 for T iterations yields, with probability at least
1—2M6 — 6, the regret

R(T) < (log T) max (T, (1 rasay, A4, 108(1/8)) + O (\/Kep,. 51n(T) T).

Remark 8. In both the settings, we match the regret of an oracle knowing the correct
function class. We pay a small price for model selection.

Remark 9. The proof of these theorems parallels exactly similar to the finite function class
setting. The only difference is that instead of upper-bounding the prediction error using
Agarwal et al. (2012), we use the the definition of £(.) to accomplish this.

13
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6. Model Selection in Stochastic Linear Bandits

In the previous sections, we consider the problem of model selection for general contextual
bandits. Moreover, we assumed that the function classes are separable, and leveraging
that we have several provable model selection algorithms. In this section, we consider a
special case of model selection for stochastic linear bandits. We observe that with this
linear structure, assumption like separability across function classes is not required.

In the linear bandit settings, we consider 2 different setup—(a) continuum (infinite) arm
setting and (b) finite arm setting. We first start with the continuum arm setup.

6.1 Model Selection for Continuum (infinite) Arm Stochastic Linear bandits
6.1.1 SETUP

We consider the standard stochastic linear bandit model in d dimensions (see Abbasi-Yadkori
(2011)), with the dimension as a measure of complexity. The setup comprises of a contin-
uum collection of arms denoted by the set A := {x € R? : ||z|| < 1}® Thus, the mean reward
from any arm x € A is (z,0*), where ||0*|| < 1. We assume that 6* is d* < d sparse, where
d* is apriori unknown to the algorithm. For each time t € [T], if an algorithm chooses an
arm x; € A, the observed reward is denoted by y; := (x¢, 0*) + 1, where {n};>; is an i.i.d.
sequence of 0 mean sub-gaussian random variables with known parameter o2.

We consider a sequence of d nested hypothesis classes, where each hypothesis class ¢ < d,
models 6* as a ¢ sparse vector. The goal of the forecaster is to minimize the regret, namely

T
R(T) =) [(a} — 2, 6%)],

t=1

et al.

where at any time ¢, x; is the action recommended by an algorithm and z} = argmax,c 4(x, 6*).

The regret R(T") measures the loss in reward of the forecaster with that of an oracle that
knows 6* and thus can compute x; at each time.

Note that, we assume that the true complexity (dimension) d* < d is initially unknown,
and we seek algorithms that adapts to this unknown true dimension, rather than assume
that the problem is d dimensional. This is in contrast to both the standard linear bandit
setup (Chu et al., 2011; Abbasi-Yadkori et al., 2011), where there is no notion of complexity,
as well as the line of work on sparse linear bandits (Bastani and Bayati, 2020b), where the
the true sparsity (dimension) is known, but only the set of which of the d* out of the d
coordinates is non-zero is unknown.

6.1.2 ALGORITHM: ADAPTIVE LINEAR BANDITS (DIMENSION) [ALB-D1M]

We present our adaptive scheme in Algorithm 3. The algorithm is parametrized by Ty € N,
which is given in Equation (1) in the sequel and slack 6 € (0,1). ALB-Dim proceeds in
phases numbered 0,1, --- which are non-decreasing with time. At the beginning of each
phase, ALB-Dim makes an estimate of the set of non-zero coordinates of 8*, which is kept
fixed throughout the phase. Concretely, each phase ¢ is divided into two blocks:

3. Our algorithm can be applied to any compact set A C R¢, including the finite set as shown in Appendix
C.
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Algorithm 3: Adaptive Linear Bandit (Dimension)
1: Input: Initial Phase length Ty and slack 6 > 0.
2: é\(]:]_, T 1,=0
3: for Each epoch i € {0,1,2,---} do

4. Tz = 36iT0, g < %, 52 < %

5. Dyi={i:|0;] > %

6: for Timest € {T;—1+1,---,T;} do

7: Play OFUL(1, ¢;) only restricted to coordinates in D;. Here ¢; is the probability
slack parameter and 1 represents ||6*] < 1.

8: end for

9: for Times t € {T; +1,--- ,T; + 6'/Tp} do

10: Play an arm from the action set A chosen uniformly and independently at
random.

11:  end for

12:  a; € R%*? with each row being the arm played during all random explorations in
the past.

13:  y; € RS with i-th entry being the observed reward at the i-th random exploration
in the past

14: Bi1q (a;fpai)_laiyi, is a d dimensional vector

15: end for

1. a regret minimization block lasting 36'T} time slots?,
2. followed by a random exploration phase lasting 6[/Tp] time slots.

Thus, each phase i lasts for a total of 36Ty + 6'[/Tp| time slots. At the beginning of each
phase i > 0, D; C [d] denotes the set of ‘active coordinates’, namely the estimate of the
non-zero coordinates of 8*. By notation, Dy = [d] and at the start of phase 0, the algorithm
assumes that 6* is d sparse. Subsequently, in the regret minimization block of phase 1,
a fresh instance of OFUL Abbasi-Yadkori et al. (2011) is spawned, with the dimensions
restricted only to the set D; and probability parameter §; := %. In the random exploration
phase, at each time, one of the possible arms from the set A is played chosen uniformly and
independently at random. At the end of each phase ¢ > 0, ALB-Dim forms an estimate 6; 1
of 0*, by solving a least squares problem using all the random exploration samples collected
till the end of phase i. The active coordinate set D, 1, is then the coordinates of 6;,1 with
magnitude exceeding 2-(+1)  The pseudo-code is provided in Algorithm 3, where, Vi > 0,
S; in lines 15 and 16 is the total number of random-exploration samples in all phases upto
and including q.

6.1.3 REGRET GUARANTEE

We first specify, how to set the input parameter Tj, as function of §. For any N > d, denote
by An to be the N x d random matrix with each row being a vector sampled uniformly and
independently from the unit sphere in d dimensions. Denote by My := %E[A;{,AN], and

4. We have not optimized over the constants like 36 and 6. Please refer to Remark 11 on this.
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by )\%2{, )‘1(&1]\171)17 to be the largest and smallest eigenvalues of M. Observe that as My is
positive semi-definite (0 < )\fn]\lfr)l < )\I(n]\;z() and almost-surely full rank, i.e., ]P’[)\(N) > 0] =1.

min
The constant Tj is the smallest integer such that

320.2 4 (6)\7(7[@\/93701) + /\({\/TOD)(CZ+/\S7LE/:UTOD)
> - - min
VTy > max (()\U‘,/T‘ﬂ)ﬁ In(2d/9), 3 (/\(WTOD)? In(2d/96) (1)

Remark 10. Ty in Equation (1) is chosen such that, at the end of phase 0, P[\]§0 —0*|00 >
1/2] < 60 (Krikheli and Leshem, 201&). A formal statement of the Remark is provided in
Lemma 3 in Appendix A.

Theorem 5. Suppose Algorithm 3 is run with input parameters § € (0,1), and Ty as given
in Equation (1), then with probability at-least 1 — &, the regret after a total of T arm-pulls
satisfies

T [ T T T

The parameter v > 0 is the minimum magnitude of the non-zero coordinate of 6*, i.e.,
v =min{|0}| : 07 # 0} and d* the sparsity of 6%, i.e., d* = |{i : 6] # 0}

In order to parse this result, we give the following corollary.

Corollary 1. Suppose Algorithm & is run with input parameters 6 € (0,1), and Ty =
0] (d2 In? (%)) given in Equation (1), then with probability at-least 1 — §, the regret after T
times satisfies

d2

Rr < 0(m n%(d/8)) + O(d*VT).

Remark 11. The constants in the above Theorem are not optimized. The epoch length and
the threshold parameter €; can be chosen more carefully. For example, if we set the epoch
length as 4Ty + 2°\/Ty and the threshold &; as (0.9)°, we obtain a worse dependence on
7. Furthermore, the exponent of v can be made arbitrarily close to 4, by setting e; = C~*
in Line 4 of Algorithm 8, for some appropriately large constant C' > 1, and increasing
T; = (C")'Ty, for appropriately large C' (C' ~ C*).

Discussion - The regret of an oracle algorithm that knows the true complexity d* scales as
5(d*\/T) (Carpentier and Munos, 2012; Bastani and Bayati, 2020b), matching ALB-Dim’s
regret, upto an additive constant independent of time. ALB-Dim is the first algorithm
to achieve such model selection guarantees. On the other hand, standard linear bandit
algorithms such as OFUL achieve a regret scaling O(dv/T), which is much larger compared
to that of ALB-Dim, especially when d* << d, and ~ is a constant. Numerical simulations
further confirms this deduction, thereby indicating that our improvements are fundamental
and not from mathematical bounds. Corollary 1 also indicates that ALB-Dim has higher
regret if v is lower. A small value of v makes it harder to distinguish a non-zero coordinate
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from a zero coordinate, which is reflected in the regret scaling. Nevertheless, this only
affects the second order term as a constant, and the dominant scaling term only depends
on the true complexity d*, and not on the underlying dimension d. However, the regret
guarantee is not uniform over all 8* as it depends on «. Obtaining regret rates matching
the oracles and that hold uniformly over all 8* is an interesting avenue of future work.

6.2 Dimension as a Measure of Complexity - Finite Armed Setting
6.2.1 SETUP

In this section, we consider the model selection problem for the setting with finitely many
arms in the framework studied in Foster et al. (2019). At each time t € [T], the forecaster
is shown a context X; € X', where X is some arbitrary ‘feature space’. The set of contexts
(X)L, are i.i.d. with X; ~ D, a probability distribution over X that is known to the
forecaster. Subsequently, the forecaster chooses an action A; € A, where the set A :=
{1,---, K} are the K possible actions chosen by the forecaster. The forecaster then receives
a reward Y; := (0%, oM (X;, Ay)) + n,. Here (), is an ii.d. sequence of 0 mean sub-
gaussian random variables with sub-gaussian parameter o2 that is known to the forecaster.
The function® ¢M : X x A — R is a known feature map, and #* € R? is an unknown vector.
The goal of the forecaster is to minimize its regret, namely R(T) == S L, E[(A} — A;, 6*)],
where at any time ¢, conditional on the context X;, A} € argmax,¢ 4(0%, " (X, a)). Thus,
7 is a random variable as X; is random.

To describe the model selection, we consider a sequence of M dimensions 1 < dy <
do, -+ < dp == d and an associated set of feature maps (¢™)M_,, where for any m € [M],
¢ () : & x A — R¥m s a feature map embedding into d,,, dimensions. Moreover, these
feature maps are nested, namely, for all m € [M — 1], for all z € X and a € A, the first
dp, coordinates of ™1 (z, a) equals ¢™(x,a). The forecaster is assumed to have knowledge
of these feature maps. The unknown vector #* is such that its first d,,~ coordinates are
non-zero, while the rest are 0. The forecaster does not know the true dimension d,,=. If this
were known, than standard contextual bandit algorithms such as LinUCB Chu et al. (2011)
can guarantee a regret scaling as O(y/dp,+T'). In this section, we provide an algorithm in
which, even when the forecaster is unaware of d,«, the regret scales as O(y/dp,«T). However,
this result is non uniform over all §* as, we will show, depends on the minimum non-zero

coordinate value in 6*.

Model Assumptions We will require some assumptions identical to the ones stated in
Foster et al. (2019). Let [|6*|]2 < 1, which is known to the forecaster. The distribution D
is assumed to be known to the forecaster. Associated with the distribution D is a matrix
Y=+ e B [9M(z,a)¢M (2,a)T] (where z ~ D), where we assume its minimum eigen
value \pin(Xa7) > 0 is strictly positive. Further, we assume that, for all a € A, the random
variable ™ (x, a) (where 2 ~ D is random) is a sub-gaussian random variable with (known)

parameter 2.

5. Superscript M will become clear shortly
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6.2.2 ALB-DiM ALGORITHM

The algorithm here is identical to that of Algorithm 3, except that in place of OFUL, we use
SupLinRel of Chu et al. (2011) as the black-box. The details of the Algorithm are provided
in Appendix C.

6.2.3 REGRET GUARANTEE

For brevity, we only state the Corollary of our main Theorem (Theorem 6) which is stated
in Appendix C.

Corollary 2. Suppose Algorithm 4 is run with input parameters 6 € (0,1), and Ty =
O (d2 In? (%)) given in Equation (16) , then with probability at-least 1 — &, the regret after
T times satisfies

2

Rr <0 <,Y‘;18 In2(d/6)7 In <¥>> +O(/Td,),

where v = min{|0}| : 0 # 0} and 0* is d* sparse.

Discussion - Our regret scaling matches that of an oracle that knows the true problem
complexity and thus obtains a regret of O(v/d,,«T). This, thus improves on the rate com-
pared to that obtained in Foster et al. (2019), whose regret scaling is sub-optimal compared
to the oracle. On the other hand however, our regret bound depends on « and is thus not
uniform over all #*, unlike Foster et al. (2019) that is uniform over #*. Thus, in general,
our results are not directly comparable to that of Foster et al. (2019). It is an interesting
future work to close the gap and in particular, obtain the regret matching that of an oracle
to hold uniformly over all 6*.

7. Comparison Study: ACB vs. ALB-DIM for Finite Armed Stochastic
Linear Bandits

In this section, we study the model selection algorithm for generic contextual bandits, ACB
(see Algorithm 1) in the special setting of stochastic linear bandits with finite number of
arms. We see that order-wise, the generic Algorithm, ACB recovers the regret guarantees of
the linear bandit setup (with finite number of arms).

Recall the problem setup of Section 6.2. Additionally, for simplicity, we also assume that
the context embeddings ¢’(x,a) is a d; dimensional standard Gaussian random variable.
Note that this is stronger than the sub-Gaussian assumption of Section 6.2.

Rewriting the nested hypothesis class, this corresponds to setting the function classes
F; to be the linear class as the following:

‘Fj = {(‘Tva) = <6j7¢j(x7a)>’9j S Rdj? H@” < 1}7

where di < dy < ... < dy = d. Also, let m* is the smallest index such that the optimal
regressor is realized, i.e.,

e (@,a) = (6%,0™ (2, a)),
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and hence this can be cast-ed as a model selection problem in our framework. Let us look
at the separability condition (Assumption 2). In order to do that, we take j = m* — 1, we
first compute

fj = arginffeijw,a[f($a a) — f;v,* (m, a)]za
and then compute the quantity
Eq ol fi(2,a) = fo (2, a)).
Substituting f.(z,a) = (§*,¢™ (z,a)) and optimizing over 6;, we obtain

E:c,a[fj(x?a) — [+ (x7a)]2 > 727

where v is the minimum magnitude of the non-zero coordinate of #*, i.e., v = min{|6] :
0 # 0}.

Note that in the above calculation (i) the minimizer §; corresponding to fj, is precisely
a m* — 1 dimensional vector with entries equal to the first m* — 1 coordinates of 6*; (ii)
using the fact that ¢(.,.) is distributed as a standard Gaussian and has nested structure,
we obtain the lower bound.

Hence for stochastic linear bandits, one may take A = 2. Suppose we run ACB (Algo-
rithm 1) in this setup for 7T iterations. Observe that the linear function class has infinite car-
dinality, but the class of linear functions of dimension d; has a VC-dimension is d; + 1 for all
i. Hence, substituting in the regret expression of Theorem 3, with £z ; jom/2 (T) = O(d/T)
(linear class of d dimensional functions, VC-dimension is d + 1), we obtain

R(T)< O K%) + KTdm*] .

with high probability. Here, we ignore the log factors.
On the other hand, if we use Theorem 6, we obtain a regret of

wn<o](e) i)

with high probability. Several remarks are in order:

Remark 12. If the number of actions K = O(1), both the regret scaling are order-wise
same. Hence, in this setting, ACB recovers the performance of ALB-DIM, as we claim in the
introduction.

Remark 13. Note that, the performance of ACB Algorithm 1 specialized to the linear setting
1s worse than ALB-DIM Theorem 6 when K is large. In particular, there is no K depen-
dence in Theorem 6, but we have a K term in the leading factor here. Note that ACB(
Algorithm 1) is applicable for any generic contextual bandit problem, whereas Algorithm 4
is specialized to the linear case only. The price of VK in regret can be viewed as the cost
of generalization.
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Remark 14. Let us now focus on the additive (minor) term with no T dependence. It scales
as 1/y* for ACB, whereas for ALB-DIM it scales as 1/v°'8. Note that, we remarked (after
Theorem 4) that via carefully choosing the problem constants, the dependence in Theorem 6
can be made arbitrarily close to 1/4*. In that setting, we have the same dependence on -y

in both the cases.

Remark 15. Finally, note that the additive term is linearly dependent (d) in ACB, whereas
it has a quadratic dependence (d*) in ALB-DIM. We believe this stems from the analysis
of ALB-DIM. In Algorithm 4, we successively estimate the support of the underlying true
parameter 0%, and it is not clear whether support recovery is indeed required to ensure low

regret.

8. Numerical Experiments
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Figure 1: Synthetic experiments, validating the effectiveness of Algorithm 3 and compar-
isons with several baselines. All the results are averaged over 25 trials.

In this section we will verify the theoretical findings. We concentrate on the linear

contextual bandit setup. We compare ALB-Dim with the (non-adaptive) OFUL algorithm
of Abbasi-Yadkori et al. (2011) and an oracle that knows the problem complexity apriori.
The oracle just runs OFUL with the known problem complexity. At each round of the
learning algorithm, we sample the context vectors from a d-dimensional standard Gaussian,
N(0,1;). The additive noise to be zero-mean Gaussian random variable with variance 0.5.
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In panel (a)-(c), we compare the performance of ALB-Dim with OFUL (Abbasi-Yadkori et al.
(2011)) and an oracle who knows the true support of 6* apriori. For computational ease, we
set &; = 27" in simulations. We select #* to be d* = 20-sparse, with the smallest non-zero
component, v = 0.12. We have 2 settings: (i) d = 500 and (ii) d = 200. In panel (d) and
(e), we observe a huge gap in cumulative regret between ALB-Dim and OFUL, thus showing
the effectiveness of dimension adaptation. In panel (c), we plot the successive dimension
refinement over epochs. We observe that within 4 — 5 epochs, ALB-Dim finds the sparsity of
0*.

Comparison of ALB (dim): When 6* is sparse, we compare ALB-Dim with 3 baselines:
(i) the ModCB algorithm of Foster et al. (2019) (ii) the Stochastic Corral algorithm of
Pacchiano et al. (2020b) and (iii) an oracle which knows the support of 6*. We select
0* to be d* = 20 sparse, with dimension d = 200 and d = 500. The smallest non-zero
component of 6* is 0.12. For ModCB, we use ILOVETOCONBANDITS algorithm, similar
to Agarwal et al. (2014b). We select the cardinality of action set as 2 and select the sub-
Gaussian parameter of the embedding as unity. In Figures 1(d) and 1(e), we observe that,
the regret of ALB (dim) is better than ModCB and Stochastic Corral. The theoretical regret
bound for ModCB scales as O(T2/3) (which is much larger than the ALB-Dim algorithm we
propose), and Figure 1(c), validates this. The Stochastic Corral algorithm treats the base
algorithms as bandit arms (with bandit feedback), as opposed to ALB-Dim which, at each
arm-pull, updates the information about all the base algorithms. Thus, (Figs 1(d), 1(e)),
ALB-Dim has a superior performance compared to Stochastic Corral.

Appendix
Appendix A. Model Selection for Contextual Bandits
A.1 Proof of Lemma 1

Let us first show that S7" concentrates around its expectation. We show it via a simple
application of the Hoeffdings inequality.
Fix a particular m and j € [M]. Note that f]m is computed based on 22 samples. Also,

in the testing phase, we use a fresh set of 22 samples, and so fjm is independent of the
second set of samples, used in constructing Sj*. Note that since we have 7(.) € [0, 1], we may
restrict the offline regression oracle to search over functions having range [0, 1]. This implies
that, we have fjm() € [0,1]. Note that this restricted search assumption is justified since our
goal is obtain an estimate of the reward function via regression function, and this assumption
also features in Simchi-Levi and Xu (2020). So the random variable (fjm(xt, at) — re(ag))?
is upper-bounded by 4, and hence sub-Gaussian with a constant parameter.

Note that we are using only the samples from the previous epoch. Note that in ACB,
the regression estimate actually remains fixed over an entire epoch. Hence, conditioning on
the filtration consisting of (context, action, reward) triplet upto the end of the m — 2-th
epoch, the random variables {(f;(x¢, as) — 74 (as))? tﬂ:”;yll 1ouq (atotal of 272 samples) are
independent. Note that similar argument is given in (Simchi—Levi and Xu, 2020, Section
3.1) (the FALCON+ algorithm) to argue the independence of the (context, action, reward)
triplet, accumulated over just the previous epoch.
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Hence using Hoeffdings inequality for sub-Gaussian random variables, we have
P(|S; — ES;| > ) < 2exp(—nf?/32).

Recall Assumption 1.Note that, the conditional variance of 7(.) is finite, i.e., given x € X,
E[ri(a) — fi(z,a)]* <1, for all a € A. Let us define® Eri(a) — fi(z,a)]* = 0. With this
new notation, let us first look at the expression ES;.

Realizable classes: Fix m and consider j € [M] such that j > d*. So, for this realizable
setting, we obtain the excess risk as:

E, ra[f (z,a) — T(G)P - flgfj Egralf(z,a) — T(Q)P

= E:cra[f (z,a) — T(a)]z = Egrolfar (7,0) — T(a)]z
—E:c a[f (x CL) fd*(xva)]2’

So, we have, for the realizable function class,

2m72
1 ~
ESJm - Qm——2Emt,7‘t,at Z [fjm(xt’at) - rt(at)ﬁ
t=1
om— 2 om— 2

Tt,Tt,at fd* (:Etvat) t(

Z wmat ) - f;lk* (x,a)]2

< o2 +0110g(2m/2|fjl>/(2m %),

Here, the first term comes from the second moment bound of o2, and the second term comes
by setting the high probability slack as 2~™/2 into (Agarwal et al., 2012, Lemma 4.1). So,
by applying Hoeffding’s inequality, we finally have (using the bound EST" > o?):

o2, V108(1/9) 04\/_<Sm

om/2 om/2 — A Y +
log(|F;[) m \/log 1/5
C4 +Co +
om om om/2 2m/2

with probability at least 1 — 6/2™. Since we have doubling epoch, we have

N
> om <,
m=1

where N is the number of epochs and T is the time horizon. From above, we obtain
N = O(log, T'). Using the bound, m < N, note that, provided

2™ Z max{log T', log(|Far|), log(1/6)}, (2)
we have for some absolute global constant cg, for any j > d*,
2 Co m
<
2m/2_S <o? —1—2 /2 (3)

with probability at least 1 — 6/2™.

6. We use the notation o2 throughout the rest of the paper.

22



MODEL SELECTION FOR GENERIC CONTEXTUAL BANDITS

Non-Realizable classes: For the non realizable classes, we have the following calcula-
tion. For any f € F;, where j < d*, we have

Eyralf(2,a) = r(a)* = Eqralr(a) = fi(2,a0))?

= Boarl(f(2,0) = f3- (fﬂ a))(f(x,a) + f3-(z,a) = 2r(a)]

= Eoalro[(f (2, 0) = fo-(2,0))(f (z,0) + f3- (2, a) — 2r(a)]
= Bool(f(z,0) = f3-(2,0))(f (2, 0) + f3-(z,0) = 2By y7(a)]
= Eqgalf(2,0) - fi-(z,0),

where the third inequality follows from the fact that given context x, the distribution of r
in independent of a (see (Agarwal et al., 2012, Lemma 4.1)).
So, we have

Ezralf(z,a) — T(a)]z > By ralr(a) — fi- (m,a)]2 + Egolf(z,a) — f3- (m,a)]2
> A+ 02,

where the last inequality comes from the separability assumption along with the assumption
on the second moment. Since the regressor f/" € F;, we have

E:c,r,a[f?(xa a) — T(a)]2 > Eyralr(a) — fa (m,a)]2 + Eg ol f(z,0) — fo (2, a)]2
> A+02

Now, using 22 samples, we obtain from Hoeffding’s inequality that
9 V/1og(1/9) vm
SJm >A+0" = Cs om/2 062771/2
with probability at least 1—3/2™. In particular, since 2™ 2 max{log T’ log(|Fas|),log(1/0)},
there is a global constant ¢; such that, for any j < d*,

C1

m 2

holds with probability at least 1 — §/2™.

In every phase m, denote by the threshold v, := S%; + 2"@, i.e., the Model Selection
parameter in Line 8 of Algorithm 1. Now, let mg be the smallest value of m satisfying
2™ > max{ l‘fg,logﬂ]—'MD,log(l/&)}. We have from Equations (3) and (4) and a union
bound over the M classes that, with probability at-least 1 — szI 2M§2~™, for all phases
m > mo,

S;'n20'2+A—2—/2, foralll<]<d*

2 G m *
< —_— >
o ~omz S S; + /2, for all 7 > d~.

The preceding display, along with the fact that the threshold ~,, = S 4,/ mr» gives that,
with probability at-least 1 — 2M§ and all phases m > my,

" 5 € 5 € vm vm
St <o+ oo S0t - 2m/2+2m/2_’ym§o +—2m/2+2m/2,
2 !
<o +A—2m/2.
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The second inequality follows since 2 > I‘EQT , by definition of mg. The above equations

guarantee that, with probability at-least 1—2M 4, in all phases m > myg, the model selection
procedure in Line 8 of Algorithm 1, identifies the correct class d*.

A.2 Proof of Theorem 1

The above calculation shows that as soon as
2™ > log T max{log(|Fas|), log(1/8), A7},

the model selection procedure will succeed with high probability. Until the above condition
is satisfied, we do not have any handle on the regret and hence the regret in that phase
will be linear. This corresponds the first term in the regret expression. Suppose m* be the
epoch index where the conditions of Lemma 1 hold. Then, for m > m*, the regret is given
by (see Simchi-Levi and Xu (2020)):

N
> O (VEFm = mn-1)log(Far

m=m*

(i — 7m-1)/3) < O (/KT log([Fur

T/a)

with probability exceeding 1 — J, where N is the number of epochs. Lemma 1 gives
that the total number of rounds till the beginning of phase m* is upper bounded by
O(log T max{log(|Fa|),log(1/5), A=2}), where O hides global absolute constants. So, the
total regret is given by

R(T) < O(log T max{log(|Fa),log(1/8), A™%)}

N
+ Y O (VR 7 ) 080 Fa G — 7 0)0)

with probability at-least 1 — § — 2M . Simplifying the summation, we get

N
>° O (VEGm — 71 10&(Zr (7 — 7 )]0

*

N
< Z @ <\/K — Tm—1) log (| Fy

m=1

(T = T-1)/9)

N
< O(VK1og([Fa-[(T)/6) D \/Ton = Tm1-

m=1

Note that, with 7,,, = 2™, the epoch length 7,,, — 7,,_1 doubles with m. Let the length of
the N-th epoch is T. We have

1
Z\/Tm—Tm —\/TN< +ﬁ+2+ Nthterm)

TN<1+%+%+.>: v2 \/__

and this completes the proof of the theorem.

VT

\/__
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A.3 Proof of Lemma 2

Since, we have samples from pure exploration, let us first show that S; concentrates around
its expectation. We show it via a simple application of the Hoeffdings inequality.

Fix a particular j € [M]. Note that f; is computed based on the first set of [/T'] samples.
Also, in the testing phase, we again sample [\/T} samples, and so f is independent of the
second set of [v/T] samples, used in constructing S;. Note that we have 7(.) € [0,1].
Furthermore, as explained in the proof of Lemma 1, it is sufficient to have f(.) € [0,1]. So
the random variable ( fj (w¢,a¢) — r¢(ar))? is upper-bounded by 4, and hence sub-Gaussian
with a constant parameter. Also, note that since we are choosing an action independent of
the context, the random variables {( fj (z¢,a¢) — rt(at))z}l[\:/? ! are independent. Hence using
Hoeffdings inequality for sub-Gaussian random variables, we have

P(|S; — ES;| > £) < 2exp(—nf?/32).

Re-writing the above, we obtain

1S; —ES;| < C log(1/9) (5)

VT

with probability at least 1 —24. Let us look at the expression ES;.

1 Y 2 2
ESj =K W tZ:; (fj(xt,at) - Tt(at))

Case I: Realizable Class First consider the case that j > d*, meaning that f}. € F;.
So, for this realizable setting, we obtain the excess risk as (using Agarwal et al. (2012))

Em,r,a[fj (:E? (1) - 7"((1)]2 - flél.% Em,r,a[f(x7 CL) - T(a)]2

= Em,r,a[fj(x’ a) - T(a)]2 - Ex,r,a[fj* (:Ev a) - T(a)]2
= E%a[fj(x?a) - f;lk* (LE,CL)P.

So, we have, for the realizable function class,

1 VI
ES; = ——Fu, 1.0, [fi(xe,a) — re(a )]2
[VT] VT

- ﬁ S Bl (20, ar) — rulan)]? + ﬁ S Euylf(@,0) - fi (2,02
t=1 t=1

< 02+Cllog(ﬁlﬂ‘)

VT

where C7 is an absolute constant. The second term is obtained by setting the high proba-
bility slack, as 27/2 into (Agarwal et al., 2012, Lemma 4.1).So, we finally have from the
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preceeding display and Equation (5) that

o2 log\(/lT/cS)

<S;<o*+Cy

with probability at least 1 — 24.

Case II: Non-realizable class We now consider the case when j < d*, meaning that
fJ- does not lie in F;. Similar to the proof of Lemma 1, we have

Ezralf(z,a) — T(a)]Z > By palr(a) — fo- (x,a)]2 +Eyolf(z,a) — f (x,a)]2
> A+ 02,

where the last inequality comes from the separability assumption along with the assumption
on the second moment. Since the regressor f; € F;, we have

E:cma[fj(xa a) — T(a)]z > E:c,r,a[r(a) — far (x,a)]2 + E:c,a[f(x7a) — fa- (=, a)]2
> A+ 02,

and hence
ESj > A+ O'2

So, in this setting, with probability 1 — 24,

S; > ES; — Cy log\(/lf/é (7)
S AL G log“/ Jy (8)

where C' is an absolute global constant. Thus, from Equations (6) and (8) and an union
bound over the M classes, we have with probability at-least 1 — 4MJ,

1 log(1
S; > 0% — O, Og(\ﬂf D _ Og\(ﬁ/‘; for all j > d,

S;i>A+o*-Cy log(1/9) , for all j < d*.

VT
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Choice of Threshold Notice from Line 11 of Algorithm 2, that the threshold for model
%. Thus, if the event in Equations (9) holds, then the model

selection stage will succeed in identifying the correct model class if the threshold ~ satisfies

log(1/9)
vT
log(VTIF;l) Gy, [ 1280/9)
VT VT
The first item ensures that no-non realizable class will be selected as the true model, and

the second item ensures that the smallest realizable class will be selected as the true model.
Thus, if the time horizon T satisfies

selection is v := Sy +

y<A+0%—-Cy
(10)
7>02+C’2

log (T >>2<C logM 5D o log<1/a>>7

VT
log(T) log(\/_\]-"] log( 1/(5 log 1/5
(11)

then the threshold  satisfies the conditions in Equations (10). It is easy to verify that
for T' 2 (log T') max <log (\/_\.FM\) S AT log(l/é)), then the conditions in Equations (11)
holds. Thus, Equations (9), (10) and (11) yield that, if

T > (log T) max <log (\/T|}'M|> ,A_4,log(1/5)> ,

with probability at-least 1—4M d, the model selection test in Line 11 of Algorithm 2 correctly
identifies the smallest model class containing the true model.

A.4 Proof of Theorem 2
The regret R(T') can be decomposed in 2 stages, namely exploration and exploitation.
R(T) = Rexplore + Re:cploit

Since we spend 2[v/T] time steps in exploration, and r¢(.) € [0, 1], the regret incurred in
this stage

Remplm“e < C(1 ﬁ

Now, at the end of the explore stage, provided Assumptions 2 and 3, we know, with proba-
bility at least 1 —4M 4, we obtain the true function class F4+. The threshold is set in such a
way that we obtain the above result. Now, we would just commit to the function class and
use the contextual bandit algorithm, namely FALCON. From Simchi-Levi and Xu (2020),
the regret guarantee of FALCON is

Respos < O (/K(T = 21VT)) log(17e (T~ 21VT)) 5

<0 <\/KTlog(|}'d*|T/6> ,
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with probability exceeding 1 — 4. Combining the above expressions yield the result.

A.5 Proof of Theorem 3

The proof follows by combining the proof of Theorem 1 and 4.

For the realizable classes, we have (from Assumption 4 and converting the conditional
expectation to unconditional one with probability slack as 1/ 2m/2  similar to the proof of
Lemma 1),

m m— —1
EST < o? + §fj,1/2m/2(2 %) 2(277%/2 ),
and as a result
log(1/6 vV
Vios(1/0) - vm

9 -2 ~
St <o+ §;j,1/2m/2(2m )+Ch om/2 om/2

with probability at least 1 — 26/2™.
Similarly, for non-realizable classes we obtain

V/log(1/0 m
ST > A+ o? — Cs 27gn(/2/)—042?1/%72

with probability at least 1 — §/2™.
Now, suppose we choose the threshold v = S7} + 27,@ Finally, we say that provided

2™ > (log T') max{max 2"™/? EFara/2m/? (2m72),1og(1/5), A2},

the model selection procedure succeeds with probability exceeding

1= ) 2M6/2™ > 1— 2M§.

m=1

The rest of the proof follows similarly to Theorem 1, and we omit the details here.

A.6 Proof of Theorem 4

Case I: Realizable Class Consider j > d*. Using calculations similar to the finite
cardinality setting, we obtain

ESj < 0'2 + S}'j,(l/Tl/‘l)(ﬁ) + 2(1/T1/4),

where we use the definition of £(.), as given in Assumption 4. Hence, invoking Hoeffding’s
inequality, we obtain

S < 0%+ &z, iy (VT) +2(1/TV) + Ci T~ /log(1/5)
<0+ &k, ayrmy(VT) + LT~ log(1/9)
with probability at least 1 —25. We also have (from 2-sided Hoeffding’s)

S; > a2 — CoT~ Y%\ /log(1/6)
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Case II: Non-realizable Class We now consider the setting where j < d*, meaning
that f7. does not lie in F;. In this case, similar to above, we have

ES; > A + o,
and hence

321og(1/4)
VT

9 /321og(1/6)
>A+0°— T

Now, with the threshold, v = Sy; + lf}gg, provided

S; > ES; —

T 2 (log T') max (log <T1/4§}—]\/17(1/T1/4)> S AT log(l/d)) ,

the model selection procedure succeeds with probability at least 1 — 2M§, where we do a
calculation similar to the proof of Lemma 2.

After obtaining the correct model class, the regret expression comes directly from Simchi-Levi and Xu
(2020) in the infinite function class setting.

Appendix B. Model Selection for Linear Stochastic bandits
B.1 Proof of Theorem 5

We shall need the following lemma from Krikheli and Leshem (2018), on the behaviour of
linear regression estimates.

Lemma 3. If M > d and satisfies M = O ((ei2 + d) In (%)), and 0 s the least-squares
estimate of 0%, using the M random samples for feature, where each feature is chosen
uniformly and independently on the unit sphere in d dimensions, then with probability 1, 0
is well defined (the least squares regression has an unique solution). Furthermore,

P16 — 0[]0 > €] < 0.

We shall now apply the theorem as follows. Denote by @ to be the estimate of #* at the
beginning of any phase i, using all the samples from random explorations in all phases less
than or equal to 7 — 1.

Remark 16. The choice Ty := O (d2 In? (%)) in Equation (1) is chosen such that from
Lemma 4, we have that

P [[|0(VTD — g*|| o > % <5

29



(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

Lemma 4. Suppose Ty = O (d2 In? (%)) is set according to Equation (1). Then, for all
phases i > 4,

~ - 5
P8 -0l 227 < 2. (12)
where 52 1s the estimate of 0* obtained by solving the least squares estimate using all random
exploration samples until the beginning of phase .

Proof. The above lemma follows directly from Lemma 3. Lemma 3 gives that if @ is formed
by solving the least squares estimate with at-least M; := O ((4Z + d) In (%Z)) samples,

then the guarantee in Equation (12) holds. However, as Ty = O ((d+ 1)In (%)), we have
naturally that M; < 4%/Ty. The proof is concluded if we show that at the beginning of
phase i > 4, the total number of random explorations performed by the algorithm exceeds
i4'[\/Ty|. Notice that at the beginning of any phase i > 4, the total number of random
explorations that have been performed is

;fv‘rﬁow N Vi
> 'V Tl

where the last inequality holds for all 7 > 10. U

The following corollary follows from a straightforward union bound.

Corollary 3.

P rUN@—HWwSQ”} >1-4.

i>4

Proof. This follows from a simple union bound as follows.

PN {10 = 0 <27} | =1=P U {118 0"l = 277} |

i>4 i>4
>1-3 P18 - 6700 2 277
i>4
0
i>4
0
i>2
12
2
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We are now ready to conclude the proof of Theorem 5.

Proof of Theorem 5. We know from Corollary 3, that with probability at-least 1 — 9, for
all phases i > 10, we have ||f; — 0*||oc < 27%. Call this event £. Now, consider the phase

i(y) := max <1O,log2 (%)) Now, when event & holds, then for all phases i > i(y), D; is

the correct set of d* non-zero coordinates of 6*. Thus, with probability at-least 1 — §, the
total regret upto time 7' can be upper bounded as follows

()1 {log“(%ﬂ
Rr< Y (362'T0+62’[ \/TO1)+ 3" Regret(OFUL(L, 6 36'T))
Jj=0 J>i(y)
e ()|
+ > ¢Vl (13)

J=i(7)

The term Regret(OFUL(L, 6, T') denotes the regret of the OFUL algorithm Abbasi-Yadkori et al.
(2011), when run with parameters L € Ry, such that ||6*]| < L, and ¢ € (0,1) denotes the
probability slack and 7" is the time horizon. Equation (13) follows, since the total number

of phases is at-most {log% (TZO) -‘ . Standard result from Abbasi-Yadkori et al. (2011) give
us that, with probability at-least 1 — J, we have

Regret(OFUL(1,6;7) < 4\/Td* In (1 + %) (1 + a\/2 In (%) + d*1ln <1 + %)) )

Thus, we know that with probability at-least 1 — 3,5, 6; > 1 — %, for all phases i > i(7),
the regret in the exploration phase satisfies

36'Ty
d*

x <1+0\/21n (%i>+d*ln <1+3(Zf0>>. (14)

In particular, for all phases i € [i(7), [logsg (TZO)], with probability at-least 1 — g, we

Regret(OFUL(1, 6;; 36'Tp) < 4\/d*36iT0 In (1 +

have

. , T
Regret(OFUL(1, 0;;36'T) < 4\/d*361T0 In <1 + E)

T T
X <1+0\/21n <m> +d 1n<1+¥>>,

= C(T, 8, d*)/36'Ty, (15)

31



(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

where the constant captures all the terms that only depend on 7', § and d*. We can write
that constant as

C(T,5,d") = 4y [d hl(”d*) (1—1—0\/2111(%6)—1—(1 1n<1+d*>>.

Equation (15) follows, by substituting ¢ < logsg (TZO) in all terms except the first 36°

term in Equation (14). As Equations (15) and (13) each hold with probability at-least 1— g,
we can combine them to get that with probability at-least 1 — ¢,

1og36( )—i—l )
Ry < 2T536'™) + Z C(T, 8,d*)\/361 Ty + [\/T0]610g36(T_o),
7=0

log%(Tl)
<O | Ty36') + VT +C(T, 6,d*) V361Ty |,

Jj=

(=}

(a
§O<T0 518+\/_+\/_CT6d*>

—o (L (1)) ( i )

Step (a) follows from 36 < 2518,

N

O

Appendix C. ALB-Dim for Stochastic Contextual Bandits with Finite Arms

C.1 ALB-Dim Algorithm for the Finite Armed Case

The algorithm given in Algorithm 4 is identical to the earlier Algorithm 3, except in Line
8, this algorithm uses SupLinRel of Chu et al. (2011) as opposed to OFUL used in the
previous algorithm. In practice, one could also use LinUCB of Chu et al. (2011) in place
of SupLinRel. However, we choose to present the theoretical argument using SupLinRel,
as unlike LinUCB, has an explicit closed form regret bound (see Chu et al. (2011)). The
pseudocode is provided in Algorithm 4.

In phase i € N, the SupLinRel algorithm is instantiated with input parameter 36Ty
denoting the time horizon, slack parameter d; € (0,1), dimension da4, and feature scaling
b(6). We explain the role of these input parameters. The dimension ensures that SupLinRel
plays from the restricted dimension da,. The feature scaling implies that when a context
x € X is presented to the algorithm, the set of K feature vectors, each of which is dy,

dag. dag.
dimensional are £@D . 8 @E) e congtant b(d) =0 <T log (¥)> is chosen

b(o) > b(d)
such that

NS

P| sup [|¢" (w1, 0)|2 26(6)] <
te[0,T],acA
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Algorithm 4: Adaptive Linear Bandit (Dimension) with Finitely Many arms

1: Input: Initial Phase length 7y and slack § > 0.

2 Po=1,T_1=0

3: for Each epoch i € {0,1,2,---} do

4 TZ':36iTm EZ’(—%, 52%%
6: M, :=inf{m:d,, > maxD;}.
7
8

for Times t € {T;_; +1,--- ,T;} do
Play according to SupLinRel of Auer (2002) with time horizon of 36Ty with
parameters ¢; € (0,1), dimension du, and feature scaling

b(6) =0 <T log (%))

9: end for

10:  for Times t € {T; +1,--- ,T; + 6'\/Tp} do

11: Play an arm from the action set A chosen uniformly and independently at
random.

12:  end for
13 a; € R%*? with each row being the arm played during all random explorations in

the past.

14:  y; € R with i-th entry being the observed reward at the i-th random exploration
in the past

15: B (a?ai)_laiyi, is a d dimensional vector

16: end for

Such a constant exists since (z¢)ico,r) are i.i.d. and ¢M(x,a) is a sub-gaussian random
variable with parameter 472, for all a € A. Similar idea was used in Foster et al. (2019).

C.2 Regret Guarantee for Algorithm 4

In order to specify a regret guarantee, we will need to specify the value of T;. We do so

(N) )

as before. For any NN, denote by Apqer and )\%n to be the maximum and minimum eigen

values of the following matrix: ¥V := E [% Zszl SN ng(xt,j)qSM(act,j)T], where the

expectation is with respect to (x¢);[) Which is an ii.d. sequence with distribution D.
First, given the distribution of  ~ D, one can (in principle) compute /\%)x and /\57]1\21

any N > 1. Furthermore, from the assumption on D, )\%ZL =0 <%) >0 for all N > 1.
Choose Ty € N to be the smallest integer such that

2 6T 4 VT (g 4 \(YT5D

320’2 mazx 1 max )
VTp > 220 1n(2d/5), = min In(2 :
b = b(0) max( AVTD 2 n(2d/0). 3 AV n( d/5)>
(16)

for

( min min

As before, it is easy to see that
1 TK
To=0 <d2 In? (5) 1n (T)) .
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Furthermore, following the same reasoning as in Lemmas 4 and 3, one can verify that for
all i > 4, P [|Bics - Blloo 2 27| < 4.

Theorem 6. Suppose Algorithm 4 is run with input parameters 6 € (0,1), and Ty as given
in Equation (16), then with probability at-least 1 — 0, the regret after a total of T arm-pulls
satisfies

1
Rr < CTy—= + (1 + KT In T))*?\/Tdp + VT,
5

The parameter v > 0 is the minimum magnitude of the non-zero coordinate of 5*, i.e.,
v = min{|3}] : 57 # 0}.
In order to parse the above theorem, the following corollary is presented.
Corollary 4. Suppose Algorithm 4 is run with input parameters 6 € (0,1), and Ty =
O (d2 In? (%)) given in Equation (16) , then with probability at-least 1 — &, the regret after
T times satisfies
2

Rp<0 <,Yf'18 1n?(d/8)7% In <¥>> + O(JTdy).

Proof of Theorem 6. The proof proceeds identical to that of Theorem 5. Observe from
Lemmas 3 and 4, that the choice of T is such that for all phases ¢ > 1, the estimate

P |[|Bi—1 — B*loc > 2_2} < %. Thus, from an union bound, we can conclude that

P [%‘24“@‘—1 — oo 2 Q_i] < g
Thus at this stage, with probability at-least 1 — g, the following events holds.
o supie(or]aca [0 (21, a)ll2 < b(6)
o [|Bii1 — B*|lso < 27F, for all i > 10.
Call these events as £. As before, let v > 0 be the smallest value of the non-zero coordinate

of 5*. Denote by the phase i(v) := max (10,log2 (%)) Thus, under the event &, for all

phases i > i(7y), the dimension dp, = d},, i.e., the SupLinRel is run with the correct set of
dimensions.

It thus remains to bound the error by summing over the phases, which is done identical
to that in Theorem 5. With probability, at-least 1 — g — D s 0i > 19,

()]

)—1
Ry < Z (36jT0 + 67/ T(]) + Z Regret(SupLinRel) (36T, 6;, dpt, b(s))
J=0 J=i(v)

e ()|
+ > IV,

J=i(7)
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where Regret(SupLinRel)(36"To, 6, d g, p(s)) < C(1+1n(2K36"Tp In 36Ty))%/%\/36 Tod ay, +
24/36:Ty. This expression follows from Theorem 6 in Auer (2002). We now use this to

bound each of the three terms in the display above. Notice from straightforward calcula-
tions that the first term is bounded by 27336!") and the last term is bounded above by

T
36[vTo] 610g36(T0) respectively. We now bound the middle term as

o ()|

> Reg(SupLinRel)(36/Th, 6, d,, b(6))

iy by

J=i(7)

oeu(£)]
< b(6) > C(L+In(2K36'TyIn36'Ty))*? /36 Thd g, + 2v/36'Th

J=i(7)

The first summation can be bounded as

o (£)
> C(1+In(2K36'Ty In36'Ty))* /367 Thd

J=i(7)

e (7))
< > C+W(QKTWT))*?,/36'Tods,,

j=i(y)
= C1(1 +In(2KT InT))3/2/Td,,

and the second by

e ()|
> 2V/86iT < C1VT.
J=i(7)

Thus, with probability at-least 1 — §, the regret of Algorithm 4 satisfies
Ry < 2T336') + C(1 + (2K T InT))%2\/Td, + CovV'T,

where i(y) = max (10, log, (%)) Thus,

Ry < CTO% +C(14+Wm(2KTInT))*?\/Td*, + C,VT,
3

as 36 < 2518

35



(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

References

Yasin Abbasi-Yadkori, David Pal, and Csaba Szepesvari. Improved algorithms for linear
stochastic bandits. In Advances in Neural Information Processing Systems, pages 2312—
2320, 2011.

Alekh Agarwal, Miroslav Dudik, Satyen Kale, John Langford, and Robert Schapire. Con-
textual bandit learning with predictable rewards. In Artificial Intelligence and Statistics,
pages 19-26. PMLR, 2012.

Alekh Agarwal, Daniel Hsu, Satyen Kale, John Langford, Lihong Li, and Robert Schapire.
Taming the monster: A fast and simple algorithm for contextual bandits. In International
Conference on Machine Learning, pages 1638-1646. PMLR, 2014a.

Alekh Agarwal, Daniel Hsu, Satyen Kale, John Langford, Lihong Li, and Robert
Schapire. Taming the monster: A fast and simple algorithm for contextual ban-
dits. In Eric P. Xing and Tony Jebara, editors, Proceedings of the 31st Interna-
tional Conference on Machine Learning, volume 32 of Proceedings of Machine Learn-
ing Research, pages 1638-1646, Bejing, China, 22-24 Jun 2014b. PMLR. URL
http://proceedings.mlr.press/v32/agarwalbi4.html.

Alekh Agarwal, Haipeng Luo, Behnam Neyshabur, and Robert E Schapire. Corralling a
band of bandit algorithms. In Conference on Learning Theory, pages 12-38. PMLR, 2017.

Kaito Ariu, Kenshi Abe, and Alexandre Proutiere. Thresholded lasso bandit. arXiv preprint
arXi:2010.11994, 2020.

Sylvain Arlot, Peter L Bartlett, et al. Margin-adaptive model selection in statistical learning.
Bernoulli, 17(2):687-713, 2011.

Raman Arora, Teodor Vanislavov Marinov, and Mehryar Mohri. Corralling stochastic ban-
dit algorithms. In International Conference on Artificial Intelligence and Statistics, pages
2116-2124. PMLR, 2021.

Peter Auer. Using confidence bounds for exploitation-exploration trade-offs. Journal of
Machine Learning Research, 3(Nov):397-422, 2002.

Peter Auer, Pratik Gajane, and Ronald Ortner. Adaptively tracking the best arm with
an unknown number of distribution changes. In Furopean Workshop on Reinforcement
Learning, volume 14, page 375, 2018.

Sivaraman Balakrishnan, Martin J Wainwright, Bin Yu, et al. Statistical guarantees for
the em algorithm: From population to sample-based analysis. Annals of Statistics, 45(1):
77-120, 2017.

Krisztian Balog, Filip Radlinski, and Shushan Arakelyan. Transparent, scrutable and ex-
plainable user models for personalized recommendation. In Proceedings of the 42nd Inter-
national ACM SIGIR Conference on Research and Development in Information Retrieval,
pages 265274, 2019.

36


http://proceedings.mlr.press/v32/agarwalb14.html

MODEL SELECTION FOR GENERIC CONTEXTUAL BANDITS

Hamsa Bastani and Mohsen Bayati. Online decision making with high-dimensional covari-
ates. Operations Research, 68(1):276-294, 2020a.

Hamsa Bastani and Mohsen Bayati. Online decision making with high-dimensional covari-
ates. Operations Research, 68(1):276-294, 2020b.

Hamsa Bastani, Mohsen Bayati, and Khashayar Khosravi. Mostly exploration-free algo-
rithms for contextual bandits. Management Science, 67(3):1329-1349, 2021.

Lucien Birgé, Pascal Massart, et al. Minimum contrast estimators on sieves: exponential
bounds and rates of convergence. Bernoulli, 4(3):329-375, 1998.

Alexandra Carpentier and Rémi Munos. Bandit theory meets compressed sensing for high
dimensional stochastic linear bandit. In Artificial Intelligence and Statistics, pages 190—
198, 2012.

Hugo Caselles-Dupré, Florian Lesaint, and Jimena Royo-Letelier. Word2vec applied to
recommendation: Hyperparameters matter. In Proceedings of the 12th ACM Conference
on Recommender Systems, pages 352—-356, 2018.

Nicolo Cesa-Bianchi and Gabor Lugosi. Prediction, learning, and games. Cambridge uni-
versity press, 2006.

Niladri S Chatterji, Vidya Muthukumar, and Peter L Bartlett. Osom: A simultane-
ously optimal algorithm for multi-armed and linear contextual bandits. arXiv preprint
arXiv:1905.10040, 2019.

Heng-Tze Cheng, Levent Koc, Jeremiah Harmsen, Tal Shaked, Tushar Chandra, Hrishi
Aradhye, Glen Anderson, Greg Corrado, Wei Chai, Mustafa Ispir, et al. Wide & deep
learning for recommender systems. In Proceedings of the 1st workshop on deep learning
for recommender systems, pages 7-10, 2016.

Vladimir Cherkassky. Model complexity control and statistical learning theory. Natural
computing, 1(1):109-133, 2002.

Wei Chu, Lihong Li, Lev Reyzin, and Robert Schapire. Contextual bandits with linear
payoff functions. In Proceedings of the Fourteenth International Conference on Artificial
Intelligence and Statistics, pages 208-214, 2011.

Ashok Cutkosky and Kwabena Boahen. Online learning without prior information. arXiv
preprint arXiw:1708.02629, 2017.

Luc Devroye, Léaszlé Gyorfi, and Gabor Lugosi. A probabilistic theory of pattern recognition,
volume 31. Springer Science & Business Media, 2013.

Dylan Foster and Alexander Rakhlin. Beyond ucb: Optimal and efficient contextual bandits
with regression oracles. In International Conference on Machine Learning, pages 3199—
3210. PMLR, 2020a.

37



(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

Dylan Foster and Alexander Rakhlin. Beyond UCB: Optimal and efficient contextual
bandits with regression oracles. In Hal Daumé III and Aarti Singh, editors, Proceed-
ings of the 37th International Conference on Machine Learning, volume 119 of Proceed-
ings of Machine Learning Research, pages 3199-3210. PMLR, 13-18 Jul 2020b. URL
http://proceedings.mlr.press/v119/foster20a.html.

Dylan J Foster, Akshay Krishnamurthy, and Haipeng Luo. Model selection for contextual
bandits. In Advances in Neural Information Processing Systems, pages 14714-14725,
2019.

Avishek Ghosh, Ashwin Pananjady, Adityanand Guntuboyina, and Kannan Ramchandran.
Max-affine regression: Provable, tractable, and near-optimal statistical estimation. arXiv
preprint arXiv:1906.09255, 2019.

Avishek Ghosh, Abishek Sankararaman, and Ramchandran Kannan. Problem-complexity
adaptive model selection for stochastic linear bandits. In International Conference on
Artificial Intelligence and Statistics, pages 1396-1404. PMLR, 2021.

Michael Krikheli and Amir Leshem. Finite sample performance of linear least squares esti-
mators under sub-gaussian martingale difference noise. In 2018 IFEFE International Con-
ference on Acoustics, Speech and Signal Processing (ICASSP), pages 4444-4448. 1EEE,
2018.

Akshay Krishnamurthy, Zhiwei Steven Wu, and Vasilis Syrgkanis. Semiparametric contex-
tual bandits. arXiv preprint arXiv:1803.04204, 2018.

Sanath Kumar Krishnamurthy and Susan Athey. Optimal model selection in contextual
bandits with many classes via offline oracles. arXiv preprint arXiv:2106.06483, 2021.

Jeongyeol Kwon and Constantine Caramanis. The em algorithm gives sample-optimality
for learning mixtures of well-separated gaussians. In Conference on Learning Theory,
pages 2425-2487. PMLR, 2020.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Jonathan Lee, Aldo Pacchiano, Vidya Muthukumar, Weihao Kong, and Emma Brunskill.
Online model selection for reinforcement learning with function approximation. In In-
ternational Conference on Artificial Intelligence and Statistics, pages 3340-3348. PMLR,
2021.

Wenjie Li, Adarsh Barik, and Jean Honorio. A simple unified framework for high dimen-
sional bandit problems. arXiv preprint arXiw:2102.09626, 2021.

Andrea Locatelli and Alexandra Carpentier. Adaptivity to smoothness in x-armed bandits.
In Conference on Learning Theory, pages 1463-1492, 2018.

Yu Lu and Harrison H Zhou. Statistical and computational guarantees of lloyd’s algorithm
and its variants. arXiv preprint arXiv:1612.02099, 2016.

38


http://proceedings.mlr.press/v119/foster20a.html

MODEL SELECTION FOR GENERIC CONTEXTUAL BANDITS

Gébor Lugosi, Andrew B Nobel, et al. Adaptive model selection using empirical complexi-
ties. The Annals of Statistics, 27(6):1830-1864, 1999.

Haipeng Luo and Robert E Schapire. Achieving all with no parameters: Adanormalhedge.
In Conference on Learning Theory, pages 1286-1304, 2015.

Thodoris Lykouris, Karthik Sridharan, and Eva Tardos. Small-loss bounds for online learn-
ing with partial information. arXiv preprint arXiv:1711.03639, 2017.

James Mclnerney, Benjamin Lacker, Samantha Hansen, Karl Higley, Hugues Bouchard,
Alois Gruson, and Rishabh Mehrotra. Explore, exploit, and explain: personalizing ex-
plainable recommendations with bandits. In Proceedings of the 12th ACM conference on
recommender systems, pages 31-39, 2018.

Brendan McMahan and Jacob Abernethy. Minimax optimal algorithms for unconstrained
linear optimization. In Advances in Neural Information Processing Systems, pages 2724—
2732, 2013.

Min-hwan Oh, Garud Iyengar, and Assaf Zeevi. Sparsity-agnostic lasso bandit. arXiv
preprint arXiv:2007.08477, 2020.

Francesco Orabona. Simultaneous model selection and optimization through parameter-
free stochastic learning. In Advances in Neural Information Processing Systems, pages
1116-1124, 2014.

Aldo Pacchiano, Christoph Dann, Claudio Gentile, and Peter Bartlett. Regret bound
balancing and elimination for model selection in bandits and rl. arXiv preprint
arXw:2012.13045, 2020a.

Aldo Pacchiano, My Phan, Yasin Abbasi Yadkori, Anup Rao, Julian Zimmert,
Tor Lattimore, and Csaba Szepesvari. Model selection in contextual stochas-
tic bandit problems. In H. Larochelle, M. Ranzato, R. Hadsell, M. F. Bal-
can, and H. Lin, editors, Advances in Neural Information Processing Sys-
tems, volume 33, pages 10328-10337. Curran Associates, Inc., 2020b. URL
https://proceedings.neurips.cc/paper/2020/file/751d51528afebeb6f7Tfe95deceded32ba—Paper . pdf

Rajat Sen, Alexander Rakhlin, Lexing Ying, Rahul Kidambi, Dean Foster, Daniel Hill, and
Inderjit Dhillon. Top-k extreme contextual bandits with arm hierarchy. arXiv preprint
arXiv:2102.07500, 2021.

David Simchi-Levi and Yunzong Xu. Bypassing the monster: A faster and simpler optimal
algorithm for contextual bandits under realizability, 2020.

Aleksandrs Slivkins. Introduction to multi-armed bandits. arXiv preprint arXiv:1904.07272,
2019.

Vladimir Vapnik. Estimation of dependences based on empirical data. Springer Science &
Business Media, 2006.

39


https://proceedings.neurips.cc/paper/2020/file/751d51528afe5e6f7fe95dece4ed32ba-Paper.pdf

(GHOSH, SANKARARAMAN AND RAMCHANDRAN—2021

Xinyang Yi, Constantine Caramanis, and Sujay Sanghavi. Solving a mixture of many
random linear equations by tensor decomposition and alternating minimization. CoRR,
abs/1608.05749, 2016. URL http://arxiv.org/abs/1608.05749.

40


http://arxiv.org/abs/1608.05749

	1 Introduction
	1.1 Our Contributions
	2 Related Work
	3 Problem Setup
	3.1 Preliminaries
	4 Model Selection for General Contextual Bandits
	4.1 Algorithm—Adaptive Contextual Bandits (ACB)
	4.2 Analysis of ACB
	4.3 A Simple Explore-Then-Commit (ETC) Algorithm for Model Selection
	4.4 Regret Guarantee of ETC

	5 General Contextual Bandits with Infinite Function Classes


	6 Model Selection in Stochastic Linear Bandits
	6.1 Model Selection for Continuum (infinite) Arm Stochastic Linear bandits
	6.1.1 Setup
	6.1.2 Algorithm: Adaptive Linear Bandits (Dimension) [ALB-Dim] 
	6.1.3 Regret Guarantee

	6.2 Dimension as a Measure of Complexity - Finite Armed Setting
	6.2.1 Setup
	6.2.2 ALB-Dim Algorithm
	6.2.3 Regret Guarantee


	7 Comparison Study: ACB vs. ALB-DIM for Finite Armed Stochastic Linear Bandits
	8 Numerical Experiments
	A Model Selection for Contextual Bandits
	A.1  Proof of Lemma 1
	A.2 Proof of Theorem 1
	A.3 Proof of Lemma 2
	A.4 Proof of Theorem 2
	A.5 Proof of Theorem 3 
	A.6 Proof of Theorem 4
	B Model Selection for Linear Stochastic bandits
	B.1 Proof of Theorem 5


	C ALB-Dim for Stochastic Contextual Bandits with Finite Arms
	C.1 ALB-Dim Algorithm for the Finite Armed Case
	C.2 Regret Guarantee for Algorithm 4



