
Spatial Stochastic Models for Network Analysis 

PhD Defense
Abishek Sankararaman

Committee 


François Baccelli (Advisor)

Gustavo deVeciana

Sanjay Shakkottai


Alex Dimakis


Joe Neeman



Introduction
Emerging trends in networking bring about new design challenges 

Data NetworksLarge scale wireless networks

Dynamics

Multiple Operators Diversity Community Detection
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1. Dynamics on Wireless Networks

2. Graph Clustering

3. Diversity in multi-operator cellular networks

Contents of the Talk

Proposal - A Spatial Birth-Death Wireless Network Model
Today - Interference Queueing Networks

Proposal - Motivation and Broad Introduction
Today - Community Detection on Euclidean Random Graphs
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Community Detection

A.S,François Baccelli, Community Detection on Euclidean Random Graphs, In ACM-SIAM 
Symposium of Discrete Algorithms (SODA) 2018

A.S, Emmanuel Abbe, François Baccelli, Community Detection on Euclidean Random 
Graphs, Full Version. Under Review at IMA Information and Inference
https://arxiv.org/abs/1706.09942



A population partitioned into groups

• Grouping objects given indirect information of memberships

Community Detection - Abstract Definition 4



A population 

Community Detection - Examples

1. People on an Online Social Network

2. Proteins classified into groups based on their functional behavior

3. Grouping Base-Stations based on similarities in traffic pattern

partitioned into groups

• Grouping objects given indirect information of memberships
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Graph as Information

Membership Information - Encoded as labeled edges of the graph

Important sub-class

Population - Represented as nodes of a graph

Graph Clustering Problem - 

Given an unlabeled graph data, recover the partition of nodes
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Graph Clustering

Fundamental theoretical problem

Well established applications-
• Social Networks (Targeted Advertising)

• Recommendation Systems (Users and tems)
          [Linden,Smith and York ‘03][Sahebi and Cohen ‘11]

• Genomics (Similar genes)
          [Jiang, Tang and Zhang ‘04]

Statistics, CS, Physics, Information Theory, Mathematics
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Graph Clustering

Given an unlabeled graph data, recover the partition of nodes
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Graph Clustering

What if there are additional contextual information on each node ?

Web-pages, the textual content in a page

Social Networks - Personal information (age, location, income….)

Computational Biology - Metadata generated by measurements

Given an unlabeled graph data, recover the partition of nodes
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Outline

1) Model - The Planted Partition Random Connection Model

2) Algorithm

3) Mathematical Results

4) Application - Haplotype Phasing
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Planted Partition Random Connection Model

.
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3) Edge between                     with probability either

p
n

p
n

Planted Partition Random Connection Model

8r � 0, fin(r) � fout(r)

i, j 2 [1, Nn]

fin(||Xi �Xj ||)

fout(||Xi �Xj ||)
- If                (same colors) Zi = Zj

- If                (different colors) Zi 6= Zj

Conditional on node labels, edges are independent

More edges within  
communities than across.
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Planted Partition Random Connection Model

p
n

p
n

    1)               - a Poisson Point Process on       with intensity {Xi}i2N Rd �

2) Independently mark it              each of which is uniform over{Zi}i2N {�1, 1}

3) Connect any two nodes                  with probability i 6= j 2 N
fin(||Xi �Xj ||)1Zi=Zj + fout(||Xi �Xj ||)1Zi 6=Zj independently for all pairs


�n1/d

2
,
n1/d

2

�d
Gn

d
= G restricted to
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Planted Partition Random Connection Model

Model Parameters 
� > 0

fin(·), fout(·) : R+ ! [0, 1] s.t 8r � 0 , fin(r) � fout(r)

d � 2
.

Intensity

Dimension of embedding

1

0 r

fin(r)

fout(r)
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Avg # of neighbors in 
  -   same community is       -

  -   opposite community is  -

Planted Partition Random Connection Model

Z

x2Rd

fin(||x||)dx� o(1)
Z

x2Rd

fout(||x||)dx� o(1)

Assume 
Z

x2Rd

fout(||x||)dx 
Z

x2Rd

fin(||x||)dx < 1

p
n

p
n Constant avg degree

(�/2)

(�/2)
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Community Detection Problem

p
n

p
n

Given       and                    , estimate                        Gn {Xi}i2[0,Nn] {Zi}i2[1,Nn]

                   - Community estimates{⌧i}i2[0,Nn]
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Community Detection Problem

p
n

p
n

Given       and                    , estimate                        Gn {Xi}i2[0,Nn] {Zi}i2[1,Nn]

overlap of the estimator
1

Nn

����
NnX

i=1

Zi⌧i

����O⌧ :=
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Community Detection Problem

p
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p
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Given       and                    , estimate                        Gn {Xi}i2[0,Nn] {Zi}i2[1,Nn]

SLLN gives                     for blind guessing
NnX

I=1

⌧iZi

Nn
! 0
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Community Detection is solvable if there exists an estimator
for every   , and some            s.t.                              n

<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

� > 0
<latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit>

{⌧i}i2[0,Nn]

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>

Solvability         asymptotically beating a random guess⇡<latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit>
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                   - Community estimates{⌧i}i2[0,Nn]



Community Detection Problem

Consider the example fin(r) = a1rR fout(r) = b1rR

r  0  b < a  1
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Community Detection Problem

Consider the example fin(r) = a1rR fout(r) = b1rR

r  0  b < a  1

Isolated Nodes = No interaction with other points

O⌧  1� e��⌫d(1)R
d

< 1
<latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit>

⌫d(1)
<latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit>

Clearly

Vol of unit ball in d dimensions

R

15



What was previously known ?

p
n

p
n

A lot of work on the Stochastic Block Model (SBM)

2 symmetric communities - 
[Mossel, Neeman, Sly ’15][Mossel, Neeman, Sly ’13][Massoulie´’ 14]

Efficient algorithm, whenever it is information theoretically possible
Explicit closed form formulas for such an threshold

 Unfortunately their techniques do not work, 
- our model not locally tree like

How to exploit the knowledge of spatial locations

16



Algorithm Idea 17



Algorithm Idea 
Spatial graph - Locally dense but globally sparse

17



Algorithm Idea 

Consider the example fin(r) = a1rR fout(r) = b1rR,
r  

0  b < a  1

Spatial graph - Locally dense but globally sparse
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Algorithm Idea 
Spatial graph - Locally dense but globally sparse

Consider the example fin(r) = a1rR fout(r) = b1rR,

R

R

Locally Dense - ‘Nearby’ nodes connect with constant probability independent of    
.

Globally Sparse - Order     edges in total

n

n

SBMSpatial Graph

r  
0  b < a  1

17



Same community - 

Opposite communities - 

Algorithm Idea

�c(↵)Rd

✓
a2 + b2

2

◆

�c(↵)Rdab

R

R

↵R , ↵ < 2

x y

# common neighbors is Poisson with mean 
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Same community - 

Opposite communities - 

Set threshold - 

Pairwise-Classify(x,y)
• IF # (common neighbors) <        , DECLARE  community(x) = community(y)
• ELSE DECLARE      community(x)     community(y)

Algorithm Idea

T (↵) = c(↵)Rd�

✓
a+ b

2

◆2

6=

�c(↵)Rd

✓
a2 + b2

2

◆

�c(↵)Rdab

T (↵)

R

R

↵R , ↵ < 2

x y

# common neighbors is Poisson with mean 
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Same community - 

Opposite communities - 

Set threshold - 

Pairwise-Classify(x,y)
• IF # (common neighbors) <        , DECLARE  community(x) = community(y)
• ELSE DECLARE      community(x)     community(y)  

P(Mis-classifying a given pair of nodes at distance        )

Algorithm Idea

T (↵) = c(↵)Rd�

✓
a+ b

2

◆2

6=

�c(↵)Rd

✓
a2 + b2

2

◆

�c(↵)Rdab

T (↵)

R

R

↵R , ↵ < 2

x y

↵R  e��c
0
(↵)R

Chernoff bound - 

# common neighbors is Poisson with mean 

18



Tesselate       into grids of side R/4

Algorithm Idea
Classify cells to be Good or BadRd

19



Tesselate       into grids of side R/4

Cell Good if

1. At-least (        ) Mean # of nodes
2. No inconsistencies in pairwise
      checks with all neighboring cells

1� ✏

Algorithm Idea

Same

Same

Different
Example of Inconsistent output

Classify cells to be Good or BadRd

19



Tesselate       into grids of sideRd R/4

Cell Good if

1. At-least (        ) Mean # of nodes
2. No inconsistencies in pairwise
      checks with all neighboring cells

1� ✏

Algorithm Idea

Same

Same

Different
Example of Inconsistent output

Classify cells to be Good or Bad

20



Algorithm Idea

- Partition each good component with Pairwise-Classify
- Output +1 estimate to all nodes in bad cells

Main Routine

21



Algorithm Idea

- Partition each good component with Pairwise-Classify
- Output +1 estimate to all nodes in bad cells

Main Routine

A k-Dependent Percolation Process. [Liggett, Schonmann, Stacey, ’97] 

Algorithm succeeds if a “large”
connected component of “gray”
cells is present

21



Solvability Phase Transition
An overlap of    is achievable if there exists an estimator             


such that                               

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

{⌧i}Nn
i=1

<latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit>

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>
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Solvability Phase Transition
An overlap of    is achievable if there exists an estimator             


such that                               

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

{⌧i}Nn
i=1

<latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit>

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>

Solvability iff any             is achievable� > 0
<latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit>
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Solvability Phase Transition
An overlap of    is achievable if there exists an estimator             


such that                               

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

{⌧i}Nn
i=1

<latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit>

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>

Solvability iff any             is achievable� > 0
<latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit>

# of nodes     Nn ⇠ Poisson(�n)

1

0
��1

<latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit>

�2
<latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit>

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

Information Theoretically 

 impossible Achieved by 


 our algorithm
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Solvability Phase Transition

1

0
��1

<latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit>

�2
<latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit>

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

Information Theoretically 

 impossible Achieved by 


 our algorithm

Theorem -                                     ,                                such that -   8fin(·), fout(·), d � 2

Community Detection is not solvable

Our algorithm solves Community Detection efficiently

� < �1 =)
� > �2 =)

# of nodes     Nn ⇠ Poisson(�n)

Our algorithm is asymptotically optimal.

9 0 < �1  �2 < 1
<latexit sha1_base64="tzErjieqcsf+4DqU4GwPirIAgZA="></latexit><latexit sha1_base64="tzErjieqcsf+4DqU4GwPirIAgZA="></latexit><latexit sha1_base64="tzErjieqcsf+4DqU4GwPirIAgZA="></latexit><latexit sha1_base64="tzErjieqcsf+4DqU4GwPirIAgZA="></latexit>
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Haplotype Assembly 
An Application of Euclidean Community Detection
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Haplotype Assembly - Problem

Reconstruct the string from noisy measurements
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Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Each paired-read consists of 


• The underlying string     or      that is unknownsc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Each paired-read consists of 


• The underlying string     or      that is unknown


• A set of locations that is known

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Each paired-read consists of 


• The underlying string     or      that is unknown


• A set of locations that is known


• Noisy measurement of the unknown chosen string at the known 
chosen locations 

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

25

Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Each paired-read consists of 


• The underlying string     or      that is unknown


• A set of locations that is known


• Noisy measurement of the unknown chosen string at the known 
chosen locations 

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

Read 1 - Positions - 2,10  Values:000,011
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Read 1 - Positions - 2,10  Values:000,011 
Read 2 - Positions - 4,11  Values:00,01 
Read 3 - Positions - 1,9   Values:0010,01101 
Read 4 - Positions - 2,11  Values:00011,01 

. 

. 

. 
Read m - Positions - 21,40.  Values:0,01100
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1

1111111111 s
<latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit><latexit sha1_base64="J6xFw90Z2QEOsXZN4W7UZxGyO0g=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhZmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AH1oJEX</latexit>

sc
<latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit><latexit sha1_base64="4VP6S1it5Tc17EBEy6QMMJXSu88=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaacmkmTY0yQxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMb3O/80iVZpF8MLOY+gKPJQsZwcZKg77AZhKEqc4GKcmG1Zpbd+dAq8QrSA0KNIfVr/4oIomg0hCOte55bmz8FCvDCKdZpZ9oGmMyxWPas1RiQbWfzlNn6MwqIxRGyj5p0Fz9vZFiofVMBHYyT6mXvVz8z+slJrz2UybjxFBJFofChCMTobwCNGKKEsNnlmCimM2KyAQrTIwtqmJL8Ja/vEraF3XPrXv3l7XGTVFHGU7gFM7BgytowB00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AOXuS+A==</latexit>

Fundamental and challenging problem in computational genomics


Binary alphabet - long history

We consider the general case of multiple strings and multiple alphabets
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Reconstruct the string from noisy measurements



Haplotype Assembly - Problem

0 2 3 2 3 0 0

1 3 0 0 2 0 3 0 0 21 3 1 1 1 3 1

1111111111

Fundamental and challenging problem in computational genomics


Binary alphabet - long history

We consider the general case of multiple strings and multiple alphabets

0 2 0 2 3 0 3 0 2 01 1 3 1 1 2 1

At all positions, not all strings are identical

s1
<latexit sha1_base64="xtv+W/O1eUUw2hlh9I3lib9TC4s=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK9WzgDeoNt+nOQVaJV5IGlGgP6l/+MGFZjNIwQbXue25qgpwqw5nAWc3PNKaUTegI+5ZKGqMO8nnmGTmzypBEibJPGjJXf2/kNNZ6God2ssiol71C/M/rZya6DnIu08ygZItDUSaISUhRABlyhcyIqSWUKW6zEjamijJja6rZErzlL6+S7kXTc5ve/WWjdVPWUYUTOIVz8OAKWnAHbegAgxSe4RXenMx5cd6dj8VoxSl3juEPnM8fIr2Ruw==</latexit><latexit sha1_base64="xtv+W/O1eUUw2hlh9I3lib9TC4s=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK9WzgDeoNt+nOQVaJV5IGlGgP6l/+MGFZjNIwQbXue25qgpwqw5nAWc3PNKaUTegI+5ZKGqMO8nnmGTmzypBEibJPGjJXf2/kNNZ6God2ssiol71C/M/rZya6DnIu08ygZItDUSaISUhRABlyhcyIqSWUKW6zEjamijJja6rZErzlL6+S7kXTc5ve/WWjdVPWUYUTOIVz8OAKWnAHbegAgxSe4RXenMx5cd6dj8VoxSl3juEPnM8fIr2Ruw==</latexit><latexit sha1_base64="xtv+W/O1eUUw2hlh9I3lib9TC4s=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK9WzgDeoNt+nOQVaJV5IGlGgP6l/+MGFZjNIwQbXue25qgpwqw5nAWc3PNKaUTegI+5ZKGqMO8nnmGTmzypBEibJPGjJXf2/kNNZ6God2ssiol71C/M/rZya6DnIu08ygZItDUSaISUhRABlyhcyIqSWUKW6zEjamijJja6rZErzlL6+S7kXTc5ve/WWjdVPWUYUTOIVz8OAKWnAHbegAgxSe4RXenMx5cd6dj8VoxSl3juEPnM8fIr2Ruw==</latexit><latexit sha1_base64="xtv+W/O1eUUw2hlh9I3lib9TC4s=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK9WzgDeoNt+nOQVaJV5IGlGgP6l/+MGFZjNIwQbXue25qgpwqw5nAWc3PNKaUTegI+5ZKGqMO8nnmGTmzypBEibJPGjJXf2/kNNZ6God2ssiol71C/M/rZya6DnIu08ygZItDUSaISUhRABlyhcyIqSWUKW6zEjamijJja6rZErzlL6+S7kXTc5ve/WWjdVPWUYUTOIVz8OAKWnAHbegAgxSe4RXenMx5cd6dj8VoxSl3juEPnM8fIr2Ruw==</latexit>

s2
<latexit sha1_base64="zv16950mHoxAi/VeQQJICgPJvI0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwM/NhY1ituXV3AbJOvILUoEBrWP3yRzFLI66QSWpM33MTHGRUo2CSzyt+anhC2ZSOed9SRSNuBtki85xcWGVEwljbp5As1N8bGY2MmUWBncwzmlUvF//z+imGN4NMqCRFrtjyUJhKgjHJCyAjoTlDObOEMi1sVsImVFOGtqaKLcFb/fI66TTqnlv3Hq5qzduijjKcwTlcggfX0IR7aEEbGCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ACRBkbw=</latexit><latexit sha1_base64="zv16950mHoxAi/VeQQJICgPJvI0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwM/NhY1ituXV3AbJOvILUoEBrWP3yRzFLI66QSWpM33MTHGRUo2CSzyt+anhC2ZSOed9SRSNuBtki85xcWGVEwljbp5As1N8bGY2MmUWBncwzmlUvF//z+imGN4NMqCRFrtjyUJhKgjHJCyAjoTlDObOEMi1sVsImVFOGtqaKLcFb/fI66TTqnlv3Hq5qzduijjKcwTlcggfX0IR7aEEbGCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ACRBkbw=</latexit><latexit sha1_base64="zv16950mHoxAi/VeQQJICgPJvI0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwM/NhY1ituXV3AbJOvILUoEBrWP3yRzFLI66QSWpM33MTHGRUo2CSzyt+anhC2ZSOed9SRSNuBtki85xcWGVEwljbp5As1N8bGY2MmUWBncwzmlUvF//z+imGN4NMqCRFrtjyUJhKgjHJCyAjoTlDObOEMi1sVsImVFOGtqaKLcFb/fI66TTqnlv3Hq5qzduijjKcwTlcggfX0IR7aEEbGCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ACRBkbw=</latexit><latexit sha1_base64="zv16950mHoxAi/VeQQJICgPJvI0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwM/NhY1ituXV3AbJOvILUoEBrWP3yRzFLI66QSWpM33MTHGRUo2CSzyt+anhC2ZSOed9SRSNuBtki85xcWGVEwljbp5As1N8bGY2MmUWBncwzmlUvF//z+imGN4NMqCRFrtjyUJhKgjHJCyAjoTlDObOEMi1sVsImVFOGtqaKLcFb/fI66TTqnlv3Hq5qzduijjKcwTlcggfX0IR7aEEbGCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ACRBkbw=</latexit>

s3
<latexit sha1_base64="8gvcmB3blrwPGNE8PuTs/sy8ARM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cUR2GUm2n/sl+tuXV3DrJKvILUoECzX/3yBwnLYq6QSWpMz3NTDHKqUTDJpxU/MzylbEyHvGepojE3QT7PPCVnVhmQKNH2KSRz9fdGTmNjJnFoJ2cZzbI3E//zehlGN0EuVJohV2xxKMokwYTMCiADoTlDObGEMi1sVsJGVFOGtqaKLcFb/vIqaV/UPbfuPVzVGrdFHWU4gVM4Bw+uoQH30IQWMEjhGV7hzcmcF+fd+ViMlpxi5xj+wPn8ASXFkb0=</latexit><latexit sha1_base64="8gvcmB3blrwPGNE8PuTs/sy8ARM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cUR2GUm2n/sl+tuXV3DrJKvILUoECzX/3yBwnLYq6QSWpMz3NTDHKqUTDJpxU/MzylbEyHvGepojE3QT7PPCVnVhmQKNH2KSRz9fdGTmNjJnFoJ2cZzbI3E//zehlGN0EuVJohV2xxKMokwYTMCiADoTlDObGEMi1sVsJGVFOGtqaKLcFb/vIqaV/UPbfuPVzVGrdFHWU4gVM4Bw+uoQH30IQWMEjhGV7hzcmcF+fd+ViMlpxi5xj+wPn8ASXFkb0=</latexit><latexit sha1_base64="8gvcmB3blrwPGNE8PuTs/sy8ARM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cUR2GUm2n/sl+tuXV3DrJKvILUoECzX/3yBwnLYq6QSWpMz3NTDHKqUTDJpxU/MzylbEyHvGepojE3QT7PPCVnVhmQKNH2KSRz9fdGTmNjJnFoJ2cZzbI3E//zehlGN0EuVJohV2xxKMokwYTMCiADoTlDObGEMi1sVsJGVFOGtqaKLcFb/vIqaV/UPbfuPVzVGrdFHWU4gVM4Bw+uoQH30IQWMEjhGV7hzcmcF+fd+ViMlpxi5xj+wPn8ASXFkb0=</latexit><latexit sha1_base64="8gvcmB3blrwPGNE8PuTs/sy8ARM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cUR2GUm2n/sl+tuXV3DrJKvILUoECzX/3yBwnLYq6QSWpMz3NTDHKqUTDJpxU/MzylbEyHvGepojE3QT7PPCVnVhmQKNH2KSRz9fdGTmNjJnFoJ2cZzbI3E//zehlGN0EuVJohV2xxKMokwYTMCiADoTlDObGEMi1sVsJGVFOGtqaKLcFb/vIqaV/UPbfuPVzVGrdFHWU4gVM4Bw+uoQH30IQWMEjhGV7hzcmcF+fd+ViMlpxi5xj+wPn8ASXFkb0=</latexit>
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Reconstruct the string from noisy measurements



Proposed Algorithm

1
<latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>
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Read i - Positions - 2,10  Values:000,011

The unknown string - ‘community label’
The set of positions - ‘location label’

Each read is a node of a weighted spatial graph

Zi
<latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit>
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Proposed Algorithm

The set of positions - ‘location label’

Zi
<latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit>

1
<latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>
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Read i - Positions - 2,10  Values:000,011
Read j - Positions - 4,11  Values:01,101

Zj
<latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit>

4

11

4 11

29

The unknown string - ‘community label’

Each read is a node of a weighted spatial graph



Proposed Algorithm

The set of positions - ‘location label’

Zi
<latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit>

1
<latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

2
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Read i - Positions - 2,10  Values:000,011
Read j - Positions - 4,11  Values:01,101

Zj
<latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit>
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wij =
#Sites the reads agrees on�#Sites the reads di↵ers

#Total number of overlapping sites
<latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit>

wij =
2� 1

2 + 1
<latexit sha1_base64="fy74/BAdqu7ivwATjz0A9S5QiIc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLFkiqAboejGZQX7gDaEyXTSjp1MwsxEKSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57/JgzpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+8Grst+6pVCwSt3oUUzfEfcECRrA2kmfvPXgpu8vgBewGEpO0eoKytHqMMs8uOxVnAjhPUE7KIEfds7+6vYgkIRWacKxUBzmxdlMsNSOcZqVuomiMyRD3acdQgUOq3HTyQQYPjdKDQSRNCQ0n6u+JFIdKjULfdIZYD9SsNxb/8zqJDs7dlIk40VSQ6aIg4VBHcBwH7DFJieYjQzCRzNwKyQCbJLQJrWRCQLMvz5NmtYKcCro5Ldcu8ziKYB8cgCOAwBmogWtQBw1AwCN4Bq/gzXqyXqx362PaWrDymV3wB9bnD7YOlb8=</latexit><latexit sha1_base64="fy74/BAdqu7ivwATjz0A9S5QiIc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLFkiqAboejGZQX7gDaEyXTSjp1MwsxEKSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57/JgzpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+8Grst+6pVCwSt3oUUzfEfcECRrA2kmfvPXgpu8vgBewGEpO0eoKytHqMMs8uOxVnAjhPUE7KIEfds7+6vYgkIRWacKxUBzmxdlMsNSOcZqVuomiMyRD3acdQgUOq3HTyQQYPjdKDQSRNCQ0n6u+JFIdKjULfdIZYD9SsNxb/8zqJDs7dlIk40VSQ6aIg4VBHcBwH7DFJieYjQzCRzNwKyQCbJLQJrWRCQLMvz5NmtYKcCro5Ldcu8ziKYB8cgCOAwBmogWtQBw1AwCN4Bq/gzXqyXqx362PaWrDymV3wB9bnD7YOlb8=</latexit><latexit sha1_base64="fy74/BAdqu7ivwATjz0A9S5QiIc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLFkiqAboejGZQX7gDaEyXTSjp1MwsxEKSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57/JgzpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+8Grst+6pVCwSt3oUUzfEfcECRrA2kmfvPXgpu8vgBewGEpO0eoKytHqMMs8uOxVnAjhPUE7KIEfds7+6vYgkIRWacKxUBzmxdlMsNSOcZqVuomiMyRD3acdQgUOq3HTyQQYPjdKDQSRNCQ0n6u+JFIdKjULfdIZYD9SsNxb/8zqJDs7dlIk40VSQ6aIg4VBHcBwH7DFJieYjQzCRzNwKyQCbJLQJrWRCQLMvz5NmtYKcCro5Ldcu8ziKYB8cgCOAwBmogWtQBw1AwCN4Bq/gzXqyXqx362PaWrDymV3wB9bnD7YOlb8=</latexit><latexit sha1_base64="fy74/BAdqu7ivwATjz0A9S5QiIc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBLFkiqAboejGZQX7gDaEyXTSjp1MwsxEKSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57/JgzpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+8Grst+6pVCwSt3oUUzfEfcECRrA2kmfvPXgpu8vgBewGEpO0eoKytHqMMs8uOxVnAjhPUE7KIEfds7+6vYgkIRWacKxUBzmxdlMsNSOcZqVuomiMyRD3acdQgUOq3HTyQQYPjdKDQSRNCQ0n6u+JFIdKjULfdIZYD9SsNxb/8zqJDs7dlIk40VSQ6aIg4VBHcBwH7DFJieYjQzCRzNwKyQCbJLQJrWRCQLMvz5NmtYKcCro5Ldcu8ziKYB8cgCOAwBmogWtQBw1AwCN4Bq/gzXqyXqx362PaWrDymV3wB9bnD7YOlb8=</latexit>

Overlapping Sites = {4, 10, 11}
<latexit sha1_base64="pv4oefC16C7SQB7kSj3LRZVNn5w=">AAACD3icbVC7SgNBFJ31GeMramkzGBQLCTsS0EYI2tgZ0SRCNoTZyU0cnJ1dZu6KYckf2PgrNhaK2Nra+TdOHoWvAwOHc87lzj1hoqRF3//0pqZnZufmcwv5xaXlldXC2nrdxqkRUBOxis1VyC0oqaGGEhVcJQZ4FCpohDcnQ79xC8bKWF9iP4FWxHtadqXg6KR2YSdAuMPszGUUTxKpe/RCItgBPaJBVt5j/h5jwaBdKPolfwT6l7AJKZIJqu3CR9CJRRqBRqG4tU3mJ9jKuEEpFAzyQWoh4eKG96DpqOYR2FY2umdAt53Sod3YuKeRjtTvExmPrO1HoUtGHK/tb28o/uc1U+wetjKpkxRBi/GibqooxnRYDu1IAwJV3xEujHR/peKaGy7QVZh3JbDfJ/8l9f0S80vsvFysHE/qyJFNskV2CSMHpEJOSZXUiCD35JE8kxfvwXvyXr23cXTKm8xskB/w3r8AMPmbaw==</latexit><latexit sha1_base64="pv4oefC16C7SQB7kSj3LRZVNn5w=">AAACD3icbVC7SgNBFJ31GeMramkzGBQLCTsS0EYI2tgZ0SRCNoTZyU0cnJ1dZu6KYckf2PgrNhaK2Nra+TdOHoWvAwOHc87lzj1hoqRF3//0pqZnZufmcwv5xaXlldXC2nrdxqkRUBOxis1VyC0oqaGGEhVcJQZ4FCpohDcnQ79xC8bKWF9iP4FWxHtadqXg6KR2YSdAuMPszGUUTxKpe/RCItgBPaJBVt5j/h5jwaBdKPolfwT6l7AJKZIJqu3CR9CJRRqBRqG4tU3mJ9jKuEEpFAzyQWoh4eKG96DpqOYR2FY2umdAt53Sod3YuKeRjtTvExmPrO1HoUtGHK/tb28o/uc1U+wetjKpkxRBi/GibqooxnRYDu1IAwJV3xEujHR/peKaGy7QVZh3JbDfJ/8l9f0S80vsvFysHE/qyJFNskV2CSMHpEJOSZXUiCD35JE8kxfvwXvyXr23cXTKm8xskB/w3r8AMPmbaw==</latexit><latexit sha1_base64="pv4oefC16C7SQB7kSj3LRZVNn5w=">AAACD3icbVC7SgNBFJ31GeMramkzGBQLCTsS0EYI2tgZ0SRCNoTZyU0cnJ1dZu6KYckf2PgrNhaK2Nra+TdOHoWvAwOHc87lzj1hoqRF3//0pqZnZufmcwv5xaXlldXC2nrdxqkRUBOxis1VyC0oqaGGEhVcJQZ4FCpohDcnQ79xC8bKWF9iP4FWxHtadqXg6KR2YSdAuMPszGUUTxKpe/RCItgBPaJBVt5j/h5jwaBdKPolfwT6l7AJKZIJqu3CR9CJRRqBRqG4tU3mJ9jKuEEpFAzyQWoh4eKG96DpqOYR2FY2umdAt53Sod3YuKeRjtTvExmPrO1HoUtGHK/tb28o/uc1U+wetjKpkxRBi/GibqooxnRYDu1IAwJV3xEujHR/peKaGy7QVZh3JbDfJ/8l9f0S80vsvFysHE/qyJFNskV2CSMHpEJOSZXUiCD35JE8kxfvwXvyXr23cXTKm8xskB/w3r8AMPmbaw==</latexit><latexit sha1_base64="pv4oefC16C7SQB7kSj3LRZVNn5w=">AAACD3icbVC7SgNBFJ31GeMramkzGBQLCTsS0EYI2tgZ0SRCNoTZyU0cnJ1dZu6KYckf2PgrNhaK2Nra+TdOHoWvAwOHc87lzj1hoqRF3//0pqZnZufmcwv5xaXlldXC2nrdxqkRUBOxis1VyC0oqaGGEhVcJQZ4FCpohDcnQ79xC8bKWF9iP4FWxHtadqXg6KR2YSdAuMPszGUUTxKpe/RCItgBPaJBVt5j/h5jwaBdKPolfwT6l7AJKZIJqu3CR9CJRRqBRqG4tU3mJ9jKuEEpFAzyQWoh4eKG96DpqOYR2FY2umdAt53Sod3YuKeRjtTvExmPrO1HoUtGHK/tb28o/uc1U+wetjKpkxRBi/GibqooxnRYDu1IAwJV3xEujHR/peKaGy7QVZh3JbDfJ/8l9f0S80vsvFysHE/qyJFNskV2CSMHpEJOSZXUiCD35JE8kxfvwXvyXr23cXTKm8xskB/w3r8AMPmbaw==</latexit>
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The unknown string - ‘community label’

Each read is a node of a weighted spatial graph



Proposed Algorithm

1) Create the weighted spatial graph

2) Euclidean Community Detection

3) Each position in each string estimated by a majority of all reads estimated to be 
originating from the string in consideration and covering the position

A paired-end read measurement

u(1)
i

<latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit>

u(2)
i

<latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit>

u(1)
i

<latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit><latexit sha1_base64="/MSr+rSSTCJ3BYRk12uyvv+aCWs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSNcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc9pD32mFWCs0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg7qJcu87jKMAxnEAFAriEGtxCHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDEVuP6Q==</latexit>

Zi
<latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit><latexit sha1_base64="QbK8B72zUbDRt3Q2mCRAtIr00e0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe2oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPzLcjbo=</latexit>

u(2)
i

<latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit><latexit sha1_base64="U0e6zD/YVT2PXuQSm7Gy9O2Eiws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iyS92YaU1/gkWQhI9hY6SEZsMe0Wj+fDcoVt+bOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXa55b8+4uKo3rPI4inMApVMGDS2jALTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHxLhj+o=</latexit>

1
<latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit><latexit sha1_base64="hpaOv2G1q1F8JXdouZRL0hqoqcM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwasMqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/m186I2dWGZIw1rYUkrn6eyKjkTHTKLCdEcWxWfZy8T+vl2J47WdCJSlyxRaLwlQSjEn+NhkKzRnKqSWUaWFvJWxMNWVow8lD8JZfXiXti7rn1r37y1rjpoijDCdwCufgwRU04A6a0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8ArtqMyQ==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

wij =
#Sites the reads agrees on�#Sites the reads di↵ers

#Total number of overlapping sites
<latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit><latexit sha1_base64="HudqrARcaaUpX4stgTuEbciKFXQ="></latexit>

Zj
<latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit><latexit sha1_base64="3CJKgafMzAxz9f1zcLvivSQ0bKU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPbUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuLaiFjd4zjhfkQHSoSCUbTS3UPvsVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AE0YI27</latexit>

u(1)
j

<latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit>

u(2)
j

<latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit>

u(1)
j

<latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit><latexit sha1_base64="XkVQ68kM/EYPbc0s5nd7ufBAd8A=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTPRI9OIRExcwsJJu6UKl7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdD31W09UaRbLOzNOaCDwQLKIEWysdJ/2Hh+yqnc66ZUrbs2dAS0TLycVyNHolb+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x28ASdWKWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qossgYzJJDZVkvihKOTIxmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtkQvMWXl0nzrOa5Ne/2vFK/yuMowhEcQxU8uIA63EADfCAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAS5Y/q</latexit>

u(2)
j

<latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit><latexit sha1_base64="QTWTZBEJJvPqS8bJWTvs551b/y8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeix6MVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk78wkpr7AQ8lCRrCx0n3Sf3xIy9Xzab9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE176KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpa1YrnVrzbWql+lcWRhxM4hTJ4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QMUa4/r</latexit>
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Proposed Algorithm

Benchmark simulation data with 4 strings and string length 700. 
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Prior Work

AltHaP - [Hashemi, Zhu and Vikalo ’18]

State of art and the first algorithm to handle multiple strings and alphabet 
sizes

Poses the problem as noisy tensor completion 

Ignores the spatial representation of data. Thus, computationally expensive !

Our algorithm has an Implicit ‘regularizer’ to force that all strings at all locations are uniformly 
sampled by reads
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Haplotype Assembly - Results

Coverage

CP
R

0

50

100

5 7 10 15

ComDet AltHap

Performance

Coverage

Ru
nt

im
e 

in
 S

ec
on

ds

0

250

500

750

1000

5 7 10 15

 ComDet time AltHap time

Runtime

Ploidy = 3, Alphabet size = 4, Error Rate in reads = 0.01

33



Haplotype Assembly - Results

Coverage

CP
R

0

50

100

5 7 10 15

ComDet AltHap

Performance

Coverage

Ru
nt

im
e 

(s
ec

s)

0
200
400
600
800

5 7 10 15

 ComDet time AltHap time

Runtime

Ploidy = 4, Alphabet size = 4, Error Rate in reads = 0.05

34



Haplotype Assembly - Results
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Conclusions

First step towards Euclidean Community Detection


Some recent improvements

[Abbe and Boix ’18], [Polyanskiy and Wu ’18], [Alaoui and Montanari ‘19]


Open Mathematical Problems - 


1) Unknown number of communities


2) Heterogeneous densities for the various communities

3) Characterization of the hardness of the problem


     (Phase Transitions and Statistical/Computational gaps)


4) Apply the method to other problems involving paired-end reads
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Spatial Dynamics for Wireless Networks

A.S,François Baccelli and Sergey Foss, Interference Queueing Networks on Grids, 
In Annals of Applied Probability  (To Appear)

A.S and François Baccelli, Spatial Birth-Death Wireless Networks, 
In IEEE Transactions on Information Theory, 2017



Ad-Hoc Wireless Networks
Networks without a centralized infrastructure

Examples -
1) Overlaid Device-to-Device (D2D) Networks
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Ad-Hoc Wireless Networks
Networks without a centralized infrastructure

Examples -
1) Overlaid Device-to-Device (D2D) Networks

2) Internet of Things - Sensors and monitors

Wireless devices everywhere !
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Spatio-Temporal Dynamics

Spatial Component  -  Interference

Wireless Spectrum is a space-time shared resource
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Spatio-Temporal Dynamics

Understanding scalability properties of simple protocols

time

space

Spatial Component  -  Interference

Temporal Component  -  Traffic Patterns

Wireless Spectrum is a space-time shared resource
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Scalability

Increasing Time

(Time = t)

S

Protocol - A link transmits whenever they have a file by treating interference as noise
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Scalability

Increasing Time

(Time = t)

S

Protocol - A link transmits whenever they have a file by treating interference as noise

Does performance of a typical link deteriorate with increasing network size      ? |S|
<latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit>

No := Scalability
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Scalability

Increasing Time

(Time = t)

S

Does performance of a typical link deteriorate with increasing network size      ? |S|
<latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit>

No := Scalability

Long Range Space-Time correlations can disrupt scalability

Protocol - A link transmits whenever they have a file by treating interference as noise

40



Scalability

Increasing Time

(Time = t)

S

Does performance of a typical link deteriorate with increasing network size      ? |S|
<latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit>

No := Scalability

Long Range Space-Time correlations can disrupt scalability

Scalability hard to infer from ‘brute force’ ray tracing simulations

Protocol - A link transmits whenever they have a file by treating interference as noise
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Scalability

Increasing Time

(Time = t)

S

Does performance of a typical link deteriorate with increasing network size      ? |S|
<latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit><latexit sha1_base64="ioGRZpUo+c91ph1lROnMORJ/Wto=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QM6Q8mkmTY0kwlJRijT/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh61dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnHt7nfeaJKs0Q8momkQYyHgkWMYGMlf+rH2IzCKHuYTfvVmlt350CrxCtIDQo0+9Uvf5CQNKbCEI617nmuNEGGlWGE01nFTzWVmIzxkPYsFTimOsjmmWfozCoDFCXKPmHQXP29keFY60kc2sk8ol72cvE/r5ea6DrImJCpoYIsDkUpRyZBeQFowBQlhk8swUQxmxWREVaYGFtTxZbgLX95lbQv6p5b9+4va42boo4ynMApnIMHV9CAO2hCCwhIeIZXeHNS58V5dz4WoyWn2DmGP3A+fwCQWZID</latexit>

No := Scalability

Long Range Space-Time correlations can disrupt scalability

Infinite Network - A tractable model to address such questions

analogous to the Ising Model

Scalability hard to infer from ‘brute force’ ray tracing simulations

Protocol - A link transmits whenever they have a file by treating interference as noise
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Wireless Dynamics on Grids

Protocol - A link transmits whenever they have a file by treating interference as noise

Discrete Space  - d dimensional grid
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Wireless Dynamics on Grids

Protocol - A link transmits whenever they have a file by treating interference as noise

Discrete Space  - d dimensional grid

Each wireless link (Tx-Rx pair) is abstracted as a point

Links (points) ‘arrive’ uniformly in space and transmit

Links exit after completion of a file transfer
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Wireless Dynamics on Grids

Protocol - A link transmits whenever they have a file by treating interference as noise

Discrete Space  - d dimensional grid

Each wireless link (Tx-Rx pair) is abstracted as a point

Links (points) ‘arrive’ uniformly in space and transmit

Links exit after completion of a file transfer

Instantaneous rate of transfer - Linearization of Shannon capacity formula

                                       Interference as Noise
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Number of links in cell           at time         

A warm up to the Model

xi(t)
<latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit>

xi+1(t)
<latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit>

xi�1(t)
<latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit>

{xi(t)}i2Z
<latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit>

xi(t) 2 N
<latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit>

i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Queue lengths at time           t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>
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Number of links in cell           at time         

A warm up to the Model

xi(t)
<latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit>

xi+1(t)
<latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit>

xi�1(t)
<latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit>

{xi(t)}i2Z
<latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit>

xi(t) 2 N
<latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit>

i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Queue lengths at time          t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Independent Poisson Arrivals

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit> �

<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>�

<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>
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Number of links in cell           at time         

A warm up to the Model

xi(t)
<latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit><latexit sha1_base64="j10T0BTCSklCekPo50Jqldg+tAw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E7GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lNPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzB/51jrs=</latexit>

xi+1(t)
<latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit><latexit sha1_base64="aEOq2B6eSd5lXlMeZ1q2TIYB30Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWenjqpuLMm5TxtFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njvOK5Fe/uolS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AGgvJA3</latexit>

xi�1(t)
<latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit><latexit sha1_base64="TTDzqprtNrqyY1Yv/e+OibsWEm0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdEfQY9OIxgnlgsoTZySQZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9PDUTcWZNynjabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5PGecVzK97dRal6ncWRhyM4hjJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOjzpA5</latexit>

{xi(t)}i2Z
<latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit><latexit sha1_base64="+QSagB7u3fHDqrYcF4pgSKWcjms=">AAACBnicbVDLSsNAFL2pr1pfUZciDBahbkoigi6LblxWsA9sQphMp+3QySTMTMQSsnLjr7hxoYhbv8Gdf+P0sdDWAxcO59zLvfeECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtECvKmaANzTSn7URSHIWctsLh1dhv3VOpWCxu9SihfoT7gvUYwdpIgX3oZQ8Bq+gTLw8yhjwmkBdhPQjD7C7PA7vsVJ0J0CJxZ6QMM9QD+8vrxiSNqNCEY6U6rpNoP8NSM8JpXvJSRRNMhrhPO4YKHFHlZ5M3cnRslC7qxdKU0Gii/p7IcKTUKApN5/hENe+Nxf+8Tqp7F37GRJJqKsh0US/lSMdonAnqMkmJ5iNDMJHM3IrIAEtMtEmuZEJw519eJM3TqutU3Zuzcu1yFkcRDuAIKuDCOdTgGurQAAKP8Ayv8GY9WS/Wu/UxbS1Ys5l9+APr8wf+/pjR</latexit>

xi(t) 2 N
<latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit><latexit sha1_base64="0Cw0SflCJG9qY7VJjnWTVllCr5Y=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoigi6LblxJBfuAJoTJdNoOnUzCzEQsoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5LQJol5LDshVpQzQZuaaU47iaQ4Cjlth6Pr3G8/UKlYLO71OKF+hAeC9RnB2kiBffgYsKo+RR4TyIuwHoZhdjsJ7IpTc6ZAi8QtSAUKNAL7y+vFJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvEn6MQoPdSPpXlCo6n6eyPDkVLjKDSTeUI17+Xif1431f1LP2MiSTUVZHaon3KkY5R3gXpMUqL52BBMJDNZERliiYk2jZVNCe78lxdJ66zmOjX37rxSvyrqKMERHEMVXLiAOtxAA5pAIINneIU368l6sd6tj9noklXsHMAfWJ8/PoKVBQ==</latexit>

i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Queue lengths at time          t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Independent Poisson Arrivals

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit> �

<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>�

<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

Rate of departure from queue           at time  i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

xi(t)

xi�1(t) + xi(t) + xi+1(t)
<latexit sha1_base64="I6WUw7gBT6LlNxLoiiBhzzVLBBo="></latexit><latexit sha1_base64="I6WUw7gBT6LlNxLoiiBhzzVLBBo="></latexit><latexit sha1_base64="I6WUw7gBT6LlNxLoiiBhzzVLBBo="></latexit><latexit sha1_base64="I6WUw7gBT6LlNxLoiiBhzzVLBBo="></latexit>

If ‘neighboring’ queues are large, instantaneous departure rate is small. 
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Rate of Departure - SIR
Queue Lengths{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>
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Rate of Departure - SIR

Interference Sequence                 {ai}i2Zd

Queue Lengths{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>
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Rate of Departure - SIR

ai � 0 8i 2 Zd L = sup{||i||1 : ai > 0} < 1

Positivity Symmetry Finite Support

ai = a�i 8i 2 Zd

a0 = 1

X

j2Zd

ajxi�j(t)Interference at queue i  -

SIR at a customer in queue   at time 
1P

j2Zd ajxi�j(t)
i t

Interference Sequence                 {ai}i2Zd

Queue Lengths{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>
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Rate of Departure - SIR

Rate of departure from any queue   at time i t xi(t)P
j2Zd ajxi�j(t)

Translation Invariant in Space

ai � 0 8i 2 Zd L = sup{||i||1 : ai > 0} < 1

Positivity Symmetry Finite Support

ai = a�i 8i 2 Zd

a0 = 1

X

j2Zd

ajxi�j(t)Interference at queue i  -

SIR at a customer in queue   at time 
1P

j2Zd ajxi�j(t)
i t

Interference Sequence                 {ai}i2Zd

Queue Lengths{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmW Wrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>
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Queue lengths at time          t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Independent rate     Poisson arrivals

Rate of departure from queue           at time  i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

If ‘neighboring’ queues are large, instantaneous departure rate is small. 

Interference Queueing Dynamics

{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

xi(t)P
j2Zd ajxi�j(t)

<latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit>

ai = 1
<latexit sha1_base64="gXP1v+oel42oSURdowF3e1wD+Ys=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ3xBtWaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP96Xjpc=</latexit><latexit sha1_base64="gXP1v+oel42oSURdowF3e1wD+Ys=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ3xBtWaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP96Xjpc=</latexit><latexit sha1_base64="gXP1v+oel42oSURdowF3e1wD+Ys=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ3xBtWaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP96Xjpc=</latexit><latexit sha1_base64="gXP1v+oel42oSURdowF3e1wD+Ys=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ3xBtWaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP96Xjpc=</latexit>

ai = 0
<latexit sha1_base64="Inritd5eBTTg9X1/uhbmOp02q9k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ1xB9WaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP90TjpY=</latexit><latexit sha1_base64="Inritd5eBTTg9X1/uhbmOp02q9k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ1xB9WaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP90TjpY=</latexit><latexit sha1_base64="Inritd5eBTTg9X1/uhbmOp02q9k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ1xB9WaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP90TjpY=</latexit><latexit sha1_base64="Inritd5eBTTg9X1/uhbmOp02q9k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3KY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOnTAyQ1xB9WaW3dzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIe5ZKGqH2s/zcGTmzypCEsbIlDcnV3xMZjbSeRoHtjKgZ62VvLv7n9VITXvsZl0lqULLFojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4yy+vkvZF3XPr3sNlrXFbxFGGEziFc/DgChpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP90TjpY=</latexit>

|i|  1
<latexit sha1_base64="l2aTPksvrQei1yzcGfPwRsKIwVY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfmAbymY7aZduNnF3I5S0/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNJ1Sax/LejBL0I9qXPOSMGis9jPmYdAQ+Eq9bKrsVdwayTLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCZwUO6nGhLIh7WPbUkkj1H42u3hCTq3SI2GsbElDZurviYxGWo+iwHZG1Az0ojcV//PaqQmv/IzLJDUo2XxRmApiYjJ9n/S4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ47ziuRXv7qJcvc7jKMAxnMAZeHAJVbiFGtSBgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MHxDSQTg==</latexit><latexit sha1_base64="l2aTPksvrQei1yzcGfPwRsKIwVY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfmAbymY7aZduNnF3I5S0/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNJ1Sax/LejBL0I9qXPOSMGis9jPmYdAQ+Eq9bKrsVdwayTLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCZwUO6nGhLIh7WPbUkkj1H42u3hCTq3SI2GsbElDZurviYxGWo+iwHZG1Az0ojcV//PaqQmv/IzLJDUo2XxRmApiYjJ9n/S4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ47ziuRXv7qJcvc7jKMAxnMAZeHAJVbiFGtSBgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MHxDSQTg==</latexit><latexit sha1_base64="l2aTPksvrQei1yzcGfPwRsKIwVY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfmAbymY7aZduNnF3I5S0/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNJ1Sax/LejBL0I9qXPOSMGis9jPmYdAQ+Eq9bKrsVdwayTLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCZwUO6nGhLIh7WPbUkkj1H42u3hCTq3SI2GsbElDZurviYxGWo+iwHZG1Az0ojcV//PaqQmv/IzLJDUo2XxRmApiYjJ9n/S4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ47ziuRXv7qJcvc7jKMAxnMAZeHAJVbiFGtSBgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MHxDSQTg==</latexit><latexit sha1_base64="l2aTPksvrQei1yzcGfPwRsKIwVY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfmAbymY7aZduNnF3I5S0/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNJ1Sax/LejBL0I9qXPOSMGis9jPmYdAQ+Eq9bKrsVdwayTLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCZwUO6nGhLIh7WPbUkkj1H42u3hCTq3SI2GsbElDZurviYxGWo+iwHZG1Az0ojcV//PaqQmv/IzLJDUo2XxRmApiYjJ9n/S4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ47ziuRXv7qJcvc7jKMAxnMAZeHAJVbiFGtSBgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MHxDSQTg==</latexit>

In the toy example,             if             and              otherwise 
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Queue lengths at time          t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

Independent rate     Poisson arrivals

Rate of departure from queue           at time  i 2 Z
<latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit><latexit sha1_base64="Yyv0mMN2/+lU6crEqdtUPXDln1s=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjMi6LLoxmUF+8DOUJI004ZmMkOSKZShf+LGhSJu/RN3/o2ZdhbaeiBwOOde7skhqeDaeN63s7a+sbm1Xdmp7u7tHxy6R8dtnWSKshZNRKK6BGsmuGQtw41g3VQxHBPBOmR8V/idCVOaJ/LRTFMWxngoecQpNlbquy5HAZcoiLEZEZI/zfpuzat7c6BV4pekBiWaffcrGCQ0i5k0VGCte76XmjDHynAq2KwaZJqlmI7xkPUslThmOsznyWfo3CoDFCXKPmnQXP29keNY62lM7GSRUC97hfif18tMdBPmXKaZYZIuDkWZQCZBRQ1owBWjRkwtwVRxmxXREVaYGltW1ZbgL395lbQv675X9x+uao3bso4KnMIZXIAP19CAe2hCCyhM4Ble4c3JnRfn3flYjK455c4J/IHz+QMIcZND</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

If ‘neighboring’ queues are large, instantaneous departure rate is small. 

Interference Queueing Dynamics

{xi(t)}i2Zd 2 NZd

<latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit><latexit sha1_base64="D7ych+u2YbjLe01aoBz+ORqaK0A=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoBuh6MaVVLAPbNIwmU7boZNJmJmIJeRr3PgrblxURNz5KU7aLGzrgQuHc+7l3nv8iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oJvNbT0RIGvIHNY6IG6ABp32KkdKSZ145ybNHK+rUSb2EQody6ARIDX0/eUy7vXROuUu7yZzrmWWrak0Bl4mdkzLIUffMidMLcRwQrjBDUnZsK1JugoSimJG05MSSRAiP0IB0NOUoINJNpm+m8EQrPdgPhS6u4FT9O5GgQMpx4OvO7Ei56GXif14nVv1LN6E8ihXheLaoHzOoQphlBntUEKzYWBOEBdW3QjxEAmGlky3pEOzFl5dJ86xqW1X7/rxcu87jKIIjcAwqwAYXoAZuQR00AAYv4A1MwIfxarwbn8bXrLVg5DOHYA7Gzy+rZqaK</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

xi(t)P
j2Zd ajxi�j(t)

<latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit><latexit sha1_base64="uoc8LT/u2vcyxlUdX5C56oumtDM="></latexit>

Questions - 


1) For what     and               , is the process                  ‘stable’ ? � {ai}i2Zd

2) Characterize the steady state ??

{xi(t)}i2Zd
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Main Results
1. Stability

 If                    , then system is stable �

X

j2Zd

aj < 1
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Let                    be the minimal stationary solution to the dynamics

If                   , then                                               

Main Results
1. Stability

 If                    , then system is stable �

X

j2Zd

aj < 1

2. Moments

�
X

j2Zd

aj <
2

3
<latexit sha1_base64="HGtsCvnAoFgRrRsnNtuoCQtLALA=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwcBQwcJYJPoQTYkcx2ndOk5kO0hVlA9h4VdYGECIhQGJv8FpM0DLkSwdnXOufO/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vHGV7nfeSBC0ojfqklM+iEacBpQjJSWXLPuMB32EXRkErrpCDqUQydEauh56V1272cQuSN4AZ1AIJzWsrSeuWbFqlpTwEViF6QCCjRd89PxI5yEhCvMkJQ924pVP0VCUcxIVnYSSWKEx2hAeppyFBLZT6fHZfBYKz4MIqEfV3Cq/p5IUSjlJPR0Ml9bznu5+J/XS1Rw3k8pjxNFOJ59FCQMqgjmTUGfCoIVm2iCsKB6V4iHSLegdJ9lXYI9f/IiadeqtlW1b04rjcuijhI4BEfgBNjgDDTANWiCFsDgETyDV/BmPBkvxrvxMYsuGcXMAfgD4+sHG9OhXA==</latexit><latexit sha1_base64="HGtsCvnAoFgRrRsnNtuoCQtLALA=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwcBQwcJYJPoQTYkcx2ndOk5kO0hVlA9h4VdYGECIhQGJv8FpM0DLkSwdnXOufO/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vHGV7nfeSBC0ojfqklM+iEacBpQjJSWXLPuMB32EXRkErrpCDqUQydEauh56V1272cQuSN4AZ1AIJzWsrSeuWbFqlpTwEViF6QCCjRd89PxI5yEhCvMkJQ924pVP0VCUcxIVnYSSWKEx2hAeppyFBLZT6fHZfBYKz4MIqEfV3Cq/p5IUSjlJPR0Ml9bznu5+J/XS1Rw3k8pjxNFOJ59FCQMqgjmTUGfCoIVm2iCsKB6V4iHSLegdJ9lXYI9f/IiadeqtlW1b04rjcuijhI4BEfgBNjgDDTANWiCFsDgETyDV/BmPBkvxrvxMYsuGcXMAfgD4+sHG9OhXA==</latexit><latexit sha1_base64="HGtsCvnAoFgRrRsnNtuoCQtLALA=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwcBQwcJYJPoQTYkcx2ndOk5kO0hVlA9h4VdYGECIhQGJv8FpM0DLkSwdnXOufO/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vHGV7nfeSBC0ojfqklM+iEacBpQjJSWXLPuMB32EXRkErrpCDqUQydEauh56V1272cQuSN4AZ1AIJzWsrSeuWbFqlpTwEViF6QCCjRd89PxI5yEhCvMkJQ924pVP0VCUcxIVnYSSWKEx2hAeppyFBLZT6fHZfBYKz4MIqEfV3Cq/p5IUSjlJPR0Ml9bznu5+J/XS1Rw3k8pjxNFOJ59FCQMqgjmTUGfCoIVm2iCsKB6V4iHSLegdJ9lXYI9f/IiadeqtlW1b04rjcuijhI4BEfgBNjgDDTANWiCFsDgETyDV/BmPBkvxrvxMYsuGcXMAfgD4+sHG9OhXA==</latexit><latexit sha1_base64="HGtsCvnAoFgRrRsnNtuoCQtLALA=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwcBQwcJYJPoQTYkcx2ndOk5kO0hVlA9h4VdYGECIhQGJv8FpM0DLkSwdnXOufO/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vHGV7nfeSBC0ojfqklM+iEacBpQjJSWXLPuMB32EXRkErrpCDqUQydEauh56V1272cQuSN4AZ1AIJzWsrSeuWbFqlpTwEViF6QCCjRd89PxI5yEhCvMkJQ924pVP0VCUcxIVnYSSWKEx2hAeppyFBLZT6fHZfBYKz4MIqEfV3Cq/p5IUSjlJPR0Ml9bznu5+J/XS1Rw3k8pjxNFOJ59FCQMqgjmTUGfCoIVm2iCsKB6V4iHSLegdJ9lXYI9f/IiadeqtlW1b04rjcuijhI4BEfgBNjgDDTANWiCFsDgETyDV/BmPBkvxrvxMYsuGcXMAfgD4+sHG9OhXA==</latexit>

If then

{yi}i2Zd
<latexit sha1_base64="LjjC0030iUu+B0ilnkv+p2eEZWQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLoxmUF+8Amhslk0g6dTMLMRAghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wqhUlvVt1FZW19Y36puNre2d3T1z/6Av41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA396VfqDByIkjfmtyhLiRmjMaUgxUlryzKaTZx51Ci+nDuXQiZCa+H5+V9wHhWe2rLY1A1wmdkVaoELXM7+cIMZpRLjCDEk5sq1EuTkSimJGioaTSpIgPEVjMtKUo4hIN589UcBjrQQwjIUuruBM/T2Ro0jKLPJ1Z3mkXPRK8T9vlKrwws0pT1JFOJ4vClMGVQzLRGBABcGKZZogLKi+FeIJEggrnVtDh2AvvrxM+qdt22rbN2etzmUVRx00wRE4ATY4Bx1wDbqgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7A+PwBeD2Ymw==</latexit><latexit sha1_base64="LjjC0030iUu+B0ilnkv+p2eEZWQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLoxmUF+8Amhslk0g6dTMLMRAghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wqhUlvVt1FZW19Y36puNre2d3T1z/6Av41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA396VfqDByIkjfmtyhLiRmjMaUgxUlryzKaTZx51Ci+nDuXQiZCa+H5+V9wHhWe2rLY1A1wmdkVaoELXM7+cIMZpRLjCDEk5sq1EuTkSimJGioaTSpIgPEVjMtKUo4hIN589UcBjrQQwjIUuruBM/T2Ro0jKLPJ1Z3mkXPRK8T9vlKrwws0pT1JFOJ4vClMGVQzLRGBABcGKZZogLKi+FeIJEggrnVtDh2AvvrxM+qdt22rbN2etzmUVRx00wRE4ATY4Bx1wDbqgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7A+PwBeD2Ymw==</latexit><latexit sha1_base64="LjjC0030iUu+B0ilnkv+p2eEZWQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLoxmUF+8Amhslk0g6dTMLMRAghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wqhUlvVt1FZW19Y36puNre2d3T1z/6Av41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA396VfqDByIkjfmtyhLiRmjMaUgxUlryzKaTZx51Ci+nDuXQiZCa+H5+V9wHhWe2rLY1A1wmdkVaoELXM7+cIMZpRLjCDEk5sq1EuTkSimJGioaTSpIgPEVjMtKUo4hIN589UcBjrQQwjIUuruBM/T2Ro0jKLPJ1Z3mkXPRK8T9vlKrwws0pT1JFOJ4vClMGVQzLRGBABcGKZZogLKi+FeIJEggrnVtDh2AvvrxM+qdt22rbN2etzmUVRx00wRE4ATY4Bx1wDbqgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7A+PwBeD2Ymw==</latexit><latexit sha1_base64="LjjC0030iUu+B0ilnkv+p2eEZWQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLoxmUF+8Amhslk0g6dTMLMRAghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wqhUlvVt1FZW19Y36puNre2d3T1z/6Av41Rg0sMxi8XQR5IwyklPUcXIMBEERT4jA396VfqDByIkjfmtyhLiRmjMaUgxUlryzKaTZx51Ci+nDuXQiZCa+H5+V9wHhWe2rLY1A1wmdkVaoELXM7+cIMZpRLjCDEk5sq1EuTkSimJGioaTSpIgPEVjMtKUo4hIN589UcBjrQQwjIUuruBM/T2Ro0jKLPJ1Z3mkXPRK8T9vlKrwws0pT1JFOJ4vClMGVQzLRGBABcGKZZogLKi+FeIJEggrnVtDh2AvvrxM+qdt22rbN2etzmUVRx00wRE4ATY4Bx1wDbqgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7A+PwBeD2Ymw==</latexit>

�
X

j2Zd

aj < 1

<latexit sha1_base64="BsvILdWeRcEVax6ra3jtzl8StOQ=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgoGhgoWxSPQhmhA5jtO6dZzIdpCqKN/Awq+wMIAQKxMbf4PTZoCWI1k6Oudc+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7uy2ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOOPrgq/80CEpDG/VeOEuBHqcxpSjJSWPPPYYTocIOjINPKyIXQoh06E1MD3s7v8Psgh8obwAtqeWbPq1gRwntglqYESTc/8coIYpxHhCjMkZc+2EuVmSCiKGcmrTipJgvAI9UlPU44iIt1sclIOD7USwDAW+nEFJ+rviQxFUo4jXyeLZeWsV4j/eb1UheduRnmSKsLx9KMwZVDFsOgHBlQQrNhYE4QF1btCPEACYaVbrOoS7NmT50n7pG5bdfvmtNa4LOuogH1wAI6ADc5AA1yDJmgBDB7BM3gFb8aT8WK8Gx/T6IJRzuyBPzA+fwDFwpzc</latexit><latexit sha1_base64="BsvILdWeRcEVax6ra3jtzl8StOQ=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgoGhgoWxSPQhmhA5jtO6dZzIdpCqKN/Awq+wMIAQKxMbf4PTZoCWI1k6Oudc+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7uy2ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOOPrgq/80CEpDG/VeOEuBHqcxpSjJSWPPPYYTocIOjINPKyIXQoh06E1MD3s7v8Psgh8obwAtqeWbPq1gRwntglqYESTc/8coIYpxHhCjMkZc+2EuVmSCiKGcmrTipJgvAI9UlPU44iIt1sclIOD7USwDAW+nEFJ+rviQxFUo4jXyeLZeWsV4j/eb1UheduRnmSKsLx9KMwZVDFsOgHBlQQrNhYE4QF1btCPEACYaVbrOoS7NmT50n7pG5bdfvmtNa4LOuogH1wAI6ADc5AA1yDJmgBDB7BM3gFb8aT8WK8Gx/T6IJRzuyBPzA+fwDFwpzc</latexit><latexit sha1_base64="BsvILdWeRcEVax6ra3jtzl8StOQ=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgoGhgoWxSPQhmhA5jtO6dZzIdpCqKN/Awq+wMIAQKxMbf4PTZoCWI1k6Oudc+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7uy2ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOOPrgq/80CEpDG/VeOEuBHqcxpSjJSWPPPYYTocIOjINPKyIXQoh06E1MD3s7v8Psgh8obwAtqeWbPq1gRwntglqYESTc/8coIYpxHhCjMkZc+2EuVmSCiKGcmrTipJgvAI9UlPU44iIt1sclIOD7USwDAW+nEFJ+rviQxFUo4jXyeLZeWsV4j/eb1UheduRnmSKsLx9KMwZVDFsOgHBlQQrNhYE4QF1btCPEACYaVbrOoS7NmT50n7pG5bdfvmtNa4LOuogH1wAI6ADc5AA1yDJmgBDB7BM3gFb8aT8WK8Gx/T6IJRzuyBPzA+fwDFwpzc</latexit><latexit sha1_base64="BsvILdWeRcEVax6ra3jtzl8StOQ=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgoGhgoWxSPQhmhA5jtO6dZzIdpCqKN/Awq+wMIAQKxMbf4PTZoCWI1k6Oudc+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7uy2ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOOPrgq/80CEpDG/VeOEuBHqcxpSjJSWPPPYYTocIOjINPKyIXQoh06E1MD3s7v8Psgh8obwAtqeWbPq1gRwntglqYESTc/8coIYpxHhCjMkZc+2EuVmSCiKGcmrTipJgvAI9UlPU44iIt1sclIOD7USwDAW+nEFJ+rviQxFUo4jXyeLZeWsV4j/eb1UheduRnmSKsLx9KMwZVDFsOgHBlQQrNhYE4QF1btCPEACYaVbrOoS7NmT50n7pG5bdfvmtNa4LOuogH1wAI6ADc5AA1yDJmgBDB7BM3gFb8aT8WK8Gx/T6IJRzuyBPzA+fwDFwpzc</latexit>

E[y0] =
�

1� �
P

j2Zd aj
<latexit sha1_base64="KSxy0y5KaqbUOgGntCHyjHBNrQU="></latexit><latexit sha1_base64="KSxy0y5KaqbUOgGntCHyjHBNrQU="></latexit><latexit sha1_base64="KSxy0y5KaqbUOgGntCHyjHBNrQU="></latexit><latexit sha1_base64="KSxy0y5KaqbUOgGntCHyjHBNrQU="></latexit>

E[y20 ] < 1
<latexit sha1_base64="OqmAGuj2bNNX2HXbQUYSEnVWdy8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKoAsXRRFcVrAPSGKYTCft0MkkzEyEEApu/BU3LhRx60+482+ctFlo64ELh3Pu5d57goRRqSzr26gsLa+srlXXaxubW9s75u5eV8apwKSDYxaLfoAkYZSTjqKKkX4iCIoCRnrB+Krwew9ESBrzO5UlxIvQkNOQYqS05JsHboTUKAjy64mT+dZ904MX0KU8VJlv1q2GNQVcJHZJ6qBE2ze/3EGM04hwhRmS0rGtRHk5EopiRiY1N5UkQXiMhsTRlKOISC+f/jCBx1oZwDAWuriCU/X3RI4iKbMo0J3FxXLeK8T/PCdV4bmXU56kinA8WxSmDKoYFoHAARUEK5ZpgrCg+laIR0ggrHRsNR2CPf/yIuk2G7bVsG9P663LMo4qOARH4ATY4Ay0wA1ogw7A4BE8g1fwZjwZL8a78TFrrRjlzD74A+PzB+n8lwg=</latexit><latexit sha1_base64="OqmAGuj2bNNX2HXbQUYSEnVWdy8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKoAsXRRFcVrAPSGKYTCft0MkkzEyEEApu/BU3LhRx60+482+ctFlo64ELh3Pu5d57goRRqSzr26gsLa+srlXXaxubW9s75u5eV8apwKSDYxaLfoAkYZSTjqKKkX4iCIoCRnrB+Krwew9ESBrzO5UlxIvQkNOQYqS05JsHboTUKAjy64mT+dZ904MX0KU8VJlv1q2GNQVcJHZJ6qBE2ze/3EGM04hwhRmS0rGtRHk5EopiRiY1N5UkQXiMhsTRlKOISC+f/jCBx1oZwDAWuriCU/X3RI4iKbMo0J3FxXLeK8T/PCdV4bmXU56kinA8WxSmDKoYFoHAARUEK5ZpgrCg+laIR0ggrHRsNR2CPf/yIuk2G7bVsG9P663LMo4qOARH4ATY4Ay0wA1ogw7A4BE8g1fwZjwZL8a78TFrrRjlzD74A+PzB+n8lwg=</latexit><latexit sha1_base64="OqmAGuj2bNNX2HXbQUYSEnVWdy8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKoAsXRRFcVrAPSGKYTCft0MkkzEyEEApu/BU3LhRx60+482+ctFlo64ELh3Pu5d57goRRqSzr26gsLa+srlXXaxubW9s75u5eV8apwKSDYxaLfoAkYZSTjqKKkX4iCIoCRnrB+Krwew9ESBrzO5UlxIvQkNOQYqS05JsHboTUKAjy64mT+dZ904MX0KU8VJlv1q2GNQVcJHZJ6qBE2ze/3EGM04hwhRmS0rGtRHk5EopiRiY1N5UkQXiMhsTRlKOISC+f/jCBx1oZwDAWuriCU/X3RI4iKbMo0J3FxXLeK8T/PCdV4bmXU56kinA8WxSmDKoYFoHAARUEK5ZpgrCg+laIR0ggrHRsNR2CPf/yIuk2G7bVsG9P663LMo4qOARH4ATY4Ay0wA1ogw7A4BE8g1fwZjwZL8a78TFrrRjlzD74A+PzB+n8lwg=</latexit><latexit sha1_base64="OqmAGuj2bNNX2HXbQUYSEnVWdy8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKoAsXRRFcVrAPSGKYTCft0MkkzEyEEApu/BU3LhRx60+482+ctFlo64ELh3Pu5d57goRRqSzr26gsLa+srlXXaxubW9s75u5eV8apwKSDYxaLfoAkYZSTjqKKkX4iCIoCRnrB+Krwew9ESBrzO5UlxIvQkNOQYqS05JsHboTUKAjy64mT+dZ904MX0KU8VJlv1q2GNQVcJHZJ6qBE2ze/3EGM04hwhRmS0rGtRHk5EopiRiY1N5UkQXiMhsTRlKOISC+f/jCBx1oZwDAWuriCU/X3RI4iKbMo0J3FxXLeK8T/PCdV4bmXU56kinA8WxSmDKoYFoHAARUEK5ZpgrCg+laIR0ggrHRsNR2CPf/yIuk2G7bVsG9P663LMo4qOARH4ATY4Ay0wA1ogw7A4BE8g1fwZjwZL8a78TFrrRjlzD74A+PzB+n8lwg=</latexit>

[Shneer and Stolyar’18] established this for the entire stability range

In upcoming work, we establish exponential moments exist in the entire range 
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Queue i

Consider any local maximum queue i, i.e.   xi(t) = max{xi�j(t) : aj > 0}

Its instantaneous departure rate is 
xi(t)P

j2Zd ajxi�j(t)
� 1P

j2Zd aj

if                    , then this local maximum queue has negative drift�
X

j2Zd

aj < 1

The arrival rate at every queue is �

Intuition 47



Intuition
Poisson Arrivals of rate �

Exponential Rate 1

Net Arrival rate is�
X

j2Zd

aj

a1a1
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Intuition

�
X

j2Zd

aj < 1Stability - 

Poisson Arrivals of rate

Exponential Rate 1

Net Arrival rate is�
X

j2Zd

aj

a1a1

Mean Queue Length -

M/M/1 Fraction of solid balls

�
P

j2Zd aj

1� �
P

j2Zd aj
· 1P

j2Zd aj
<latexit sha1_base64="gFvnM+65p1Q2MgIg95CmsNj2u/s="></latexit><latexit sha1_base64="gFvnM+65p1Q2MgIg95CmsNj2u/s="></latexit><latexit sha1_base64="gFvnM+65p1Q2MgIg95CmsNj2u/s="></latexit><latexit sha1_base64="gFvnM+65p1Q2MgIg95CmsNj2u/s="></latexit>
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, then there exists a coupling such that almost-surely

If two initial conditions                       and                       s.t. for all 

Monotonicity
{xi(0)}i2Zd {yi(0)}i2Zd

xi(0)  yi(0)

i 2 Zd

8t � 0 , 8i 2 Zd xi(t)  yi(t)

Queue

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>
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                                                    .

, then there exists a coupling such that almost-surely

If two initial conditions                       and                       s.t. for all 

Monotonicity
{xi(0)}i2Zd {yi(0)}i2Zd

xi(0)  yi(0)

i 2 Zd

8t � 0 , 8i 2 Zd xi(t)  yi(t)

Proof Induction

Queue

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

Arrivals retain the ordering
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                                                    .

, then there exists a coupling such that almost-surely

If two initial conditions                       and                       s.t. for all 

Monotonicity
{xi(0)}i2Zd {yi(0)}i2Zd

xi(0)  yi(0)

i 2 Zd

8t � 0 , 8i 2 Zd xi(t)  yi(t)

Proof Induction

Queue

t � 0
<latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit><latexit sha1_base64="4mgtC1vTEvEvsLGuytTpS+ItLDU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxky+8hMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNwwcaoF1kWsYt0KuEElI6yTJIWtRCMPA4XNYHQ385tPqI2Mo0eaJOiHfBDJvhScrNQi1hngmLndUtmtuHOwVeLlpAw5at3SV6cXizTEiITixrQ9NyE/45qkUDgtdlKDCRcjPsC2pREP0fjZ/N4pO7dKj/VjbSsiNld/T2Q8NGYSBrYz5DQ0y95M/M9rp9S/8TMZJSlhJBaL+qliFLPZ86wnNQpSE0u40NLeysSQay7IRlS0IXjLL6+SxmXFcyvew1W5epvHUYBTOIML8OAaqnAPNaiDAAXP8Apvzth5cd6dj0XrmpPPnMAfOJ8/AgOPRw==</latexit>

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

Two queues are equal - higher interference system has smaller departure


Unequal queues - Retains ordering as at-most one customer departs
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Arrivals retain the ordering



Proof  Steps
1. Consider a spatial truncation - finite dimensional

3. Rate Conservation Principle

2. If �
X

j2Zd

aj < 1

<latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit>

=> Stability

Max queue length - Lyapunov function

0

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

E[y(n)0 ] =
�

1� �
P

j2Zd aj
� on(1)

<latexit sha1_base64="Srbc0pMfMhyFGR6s20x25gQfM1k="></latexit><latexit sha1_base64="Srbc0pMfMhyFGR6s20x25gQfM1k="></latexit><latexit sha1_base64="Srbc0pMfMhyFGR6s20x25gQfM1k="></latexit><latexit sha1_base64="Srbc0pMfMhyFGR6s20x25gQfM1k="></latexit>

�
X

j2Zd

aj < 1

<latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit><latexit sha1_base64="e6jKAbf/JyuKaZkaxTZfY0Lp+Cw=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqgQhwcBQwcJYJPoQTYgcx2ndOk5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSwdnXOufO/xE0alsqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXHV4XffSBC0pjfqklC3AgNOA0pRkpLnll3mA4HCDoyjbxsBB3KoRMhNfT97C6/D3LkjeAFtD2zZjWsKeAisUtSAyVanvnlBDFOI8IVZkjKvm0lys2QUBQzkledVJIE4TEakL6mHEVEutn0ohweayWAYSz04wpO1d8TGYqknES+Tha7ynmvEP/z+qkKz92M8iRVhOPZR2HKoIphUQ8MqCBYsYkmCAuqd4V4iATCSpdY1SXY8ycvks5Jw7Ya9s1prXlZ1lEBh+AI1IENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PoklHOHIA/MD5/AGJxnLI=</latexit>

=>

4. Switch of limits in time and space

Tightness of {y(n)0 }n2N
<latexit sha1_base64="2Zt9uFXKFoycY1xe22xJIk5MIRA=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl040oq2Ac0MUym03boZBJmJkIYsnXjr7hxoYhb/8Cdf+OkzUJbD1w4nHMv994TJoxK5Tjf1tLyyuraemWjurm1vbNr7+13ZJwKTNo4ZrHohUgSRjlpK6oY6SWCoChkpBtOrgq/+0CEpDG/U1lC/AiNOB1SjJSRAht6Oguce13nJ7mXB5pDj5qKkBqHob7J88CuOQ1nCrhI3JLUQIlWYH95gxinEeEKMyRl33US5WskFMWM5FUvlSRBeIJGpG8oRxGRvp5+ksNjowzgMBamuIJT9feERpGUWRSazuJEOe8V4n9eP1XDC19TnqSKcDxbNEwZVDEsYoEDKghWLDMEYUHNrRCPkUBYmfCqJgR3/uVF0jltuE7DvT2rNS/LOCrgEByBOnDBOWiCa9ACbYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8fLUiaAA==</latexit><latexit sha1_base64="2Zt9uFXKFoycY1xe22xJIk5MIRA=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl040oq2Ac0MUym03boZBJmJkIYsnXjr7hxoYhb/8Cdf+OkzUJbD1w4nHMv994TJoxK5Tjf1tLyyuraemWjurm1vbNr7+13ZJwKTNo4ZrHohUgSRjlpK6oY6SWCoChkpBtOrgq/+0CEpDG/U1lC/AiNOB1SjJSRAht6Oguce13nJ7mXB5pDj5qKkBqHob7J88CuOQ1nCrhI3JLUQIlWYH95gxinEeEKMyRl33US5WskFMWM5FUvlSRBeIJGpG8oRxGRvp5+ksNjowzgMBamuIJT9feERpGUWRSazuJEOe8V4n9eP1XDC19TnqSKcDxbNEwZVDEsYoEDKghWLDMEYUHNrRCPkUBYmfCqJgR3/uVF0jltuE7DvT2rNS/LOCrgEByBOnDBOWiCa9ACbYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8fLUiaAA==</latexit><latexit sha1_base64="2Zt9uFXKFoycY1xe22xJIk5MIRA=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl040oq2Ac0MUym03boZBJmJkIYsnXjr7hxoYhb/8Cdf+OkzUJbD1w4nHMv994TJoxK5Tjf1tLyyuraemWjurm1vbNr7+13ZJwKTNo4ZrHohUgSRjlpK6oY6SWCoChkpBtOrgq/+0CEpDG/U1lC/AiNOB1SjJSRAht6Oguce13nJ7mXB5pDj5qKkBqHob7J88CuOQ1nCrhI3JLUQIlWYH95gxinEeEKMyRl33US5WskFMWM5FUvlSRBeIJGpG8oRxGRvp5+ksNjowzgMBamuIJT9feERpGUWRSazuJEOe8V4n9eP1XDC19TnqSKcDxbNEwZVDEsYoEDKghWLDMEYUHNrRCPkUBYmfCqJgR3/uVF0jltuE7DvT2rNS/LOCrgEByBOnDBOWiCa9ACbYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8fLUiaAA==</latexit><latexit sha1_base64="2Zt9uFXKFoycY1xe22xJIk5MIRA=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl040oq2Ac0MUym03boZBJmJkIYsnXjr7hxoYhb/8Cdf+OkzUJbD1w4nHMv994TJoxK5Tjf1tLyyuraemWjurm1vbNr7+13ZJwKTNo4ZrHohUgSRjlpK6oY6SWCoChkpBtOrgq/+0CEpDG/U1lC/AiNOB1SjJSRAht6Oguce13nJ7mXB5pDj5qKkBqHob7J88CuOQ1nCrhI3JLUQIlWYH95gxinEeEKMyRl33US5WskFMWM5FUvlSRBeIJGpG8oRxGRvp5+ksNjowzgMBamuIJT9feERpGUWRSazuJEOe8V4n9eP1XDC19TnqSKcDxbNEwZVDEsYoEDKghWLDMEYUHNrRCPkUBYmfCqJgR3/uVF0jltuE7DvT2rNS/LOCrgEByBOnDBOWiCa9ACbYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8fLUiaAA==</latexit>

5. Monotone Convergence to yield the moment formula

Coupling from the past
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Large Initial Conditions

For every    , there exists a probability distribution on      such that if the 
initial condition is                     i.i.d. from this distribution, then             ,  

                         almost-surely.

N
{xi(0)}i2Zd

�

lim
t!1

xi(t) = 1
8i 2 Zd

Theorem
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Large Initial Conditions

If “large” frozen boundary is present, then stationary queue length at 0 is 
also “large” with “high probability”

For every    , there exists a probability distribution on      such that if the 
initial condition is                     i.i.d. from this distribution, then             ,  

                         almost-surely

N
{xi(0)}i2Zd

�

lim
t!1

xi(t) = 1
8i 2 Zd

Theorem
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Convergence to Stationary Solutions

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit> i

<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>�i
<latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit> 1

<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>

Because of the infinite barrier, all queues diverge to infinity at a linear rate

9(ti)i2N s.t. ti ! 1 s.t. P[x0(ti) < i] 
<latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit>

i�4
<latexit sha1_base64="21zFOVjVavTB+pIeUfTK5PLlLSU=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAhuDJMY2rorunFZwT6gjWUynbRjJ5kwMxFK6D+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlEbow1paXlldWy9sFDe3tnd2S3v7LSVSSWiTCC5kJ8CKchbTpmaa004iKY4CTtvB+DL32/dUKibiGz1JqB/hYcxCRrA2UovdZqfetF8qI/u8VnG9CkQ2QlXHdXLiVr0zDzpGyVEGCzT6pffeQJA0orEmHCvVdVCi/QxLzQin02IvVTTBZIyHtGtojCOq/Gx27RQeG2UAQyFNxRrO1O8TGY6UmkSB6YywHqnfXi7+5XVTHdb8jMVJqmlM5ovClEMtYP46HDBJieYTQzCRzNwKyQhLTLQJqGhC+PoU/k9aru0g27n2yvWLRRwFcAiOwAlwQBXUwRVogCYg4A48gCfwbAnr0XqxXuetS9Zi5gD8gPX2CYcwjxg=</latexit><latexit sha1_base64="21zFOVjVavTB+pIeUfTK5PLlLSU=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAhuDJMY2rorunFZwT6gjWUynbRjJ5kwMxFK6D+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlEbow1paXlldWy9sFDe3tnd2S3v7LSVSSWiTCC5kJ8CKchbTpmaa004iKY4CTtvB+DL32/dUKibiGz1JqB/hYcxCRrA2UovdZqfetF8qI/u8VnG9CkQ2QlXHdXLiVr0zDzpGyVEGCzT6pffeQJA0orEmHCvVdVCi/QxLzQin02IvVTTBZIyHtGtojCOq/Gx27RQeG2UAQyFNxRrO1O8TGY6UmkSB6YywHqnfXi7+5XVTHdb8jMVJqmlM5ovClEMtYP46HDBJieYTQzCRzNwKyQhLTLQJqGhC+PoU/k9aru0g27n2yvWLRRwFcAiOwAlwQBXUwRVogCYg4A48gCfwbAnr0XqxXuetS9Zi5gD8gPX2CYcwjxg=</latexit><latexit sha1_base64="21zFOVjVavTB+pIeUfTK5PLlLSU=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAhuDJMY2rorunFZwT6gjWUynbRjJ5kwMxFK6D+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlEbow1paXlldWy9sFDe3tnd2S3v7LSVSSWiTCC5kJ8CKchbTpmaa004iKY4CTtvB+DL32/dUKibiGz1JqB/hYcxCRrA2UovdZqfetF8qI/u8VnG9CkQ2QlXHdXLiVr0zDzpGyVEGCzT6pffeQJA0orEmHCvVdVCi/QxLzQin02IvVTTBZIyHtGtojCOq/Gx27RQeG2UAQyFNxRrO1O8TGY6UmkSB6YywHqnfXi7+5XVTHdb8jMVJqmlM5ovClEMtYP46HDBJieYTQzCRzNwKyQhLTLQJqGhC+PoU/k9aru0g27n2yvWLRRwFcAiOwAlwQBXUwRVogCYg4A48gCfwbAnr0XqxXuetS9Zi5gD8gPX2CYcwjxg=</latexit><latexit sha1_base64="21zFOVjVavTB+pIeUfTK5PLlLSU=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAhuDJMY2rorunFZwT6gjWUynbRjJ5kwMxFK6D+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlEbow1paXlldWy9sFDe3tnd2S3v7LSVSSWiTCC5kJ8CKchbTpmaa004iKY4CTtvB+DL32/dUKibiGz1JqB/hYcxCRrA2UovdZqfetF8qI/u8VnG9CkQ2QlXHdXLiVr0zDzpGyVEGCzT6pffeQJA0orEmHCvVdVCi/QxLzQin02IvVTTBZIyHtGtojCOq/Gx27RQeG2UAQyFNxRrO1O8TGY6UmkSB6YywHqnfXi7+5XVTHdb8jMVJqmlM5ovClEMtYP46HDBJieYTQzCRzNwKyQhLTLQJqGhC+PoU/k9aru0g27n2yvWLRRwFcAiOwAlwQBXUwRVogCYg4A48gCfwbAnr0XqxXuetS9Zi5gD8gPX2CYcwjxg=</latexit>
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Convergence to Stationary Solutions

ii4
i+8

<latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit>

ii4
i+8

<latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit> i

<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>�i
<latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit>

9(ti)i2N s.t. ti ! 1 s.t. P[x0(ti) < i] 
<latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit>

i�3
<latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit>

Since interested only in finite time    , can bring down the barrier to a finite 
value at a small penalty in probability

ti
<latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit>

53



Convergence to Stationary Solutions

ii4
i+8

<latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit>

ii4
i+8

<latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit><latexit sha1_base64="iyuFMkJ42jv4HArJ3dcUpdRvTag=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKwByDXjxGMA9MNmF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aytb2xubed28rt7+weHhaPjho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AzGtzO/+YRK80g+mEmMfkiHkg84o8ZKj7yb8nKXX1amvULRLblzkFXiZaQIGWq9wlenH7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjekQ25ZKGqL20/nFU3JulT4ZRMqWNGSu/p5Iaaj1JAxsZ0jNSC97M/E/r52YQcVPuYwTg5ItFg0SQUxEZu+TPlfIjJhYQpni9lbCRlRRZmxIeRuCt/zyKmlclTy35N2Xi9WbLI4cnMIZXIAH11CFO6hBHRhIeIZXeHO08+K8Ox+L1jUnmzmBP3A+fwDk0JBk</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit> i

<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>�i
<latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit>

9(ti)i2N s.t. ti ! 1 s.t. P[x0(ti) < i] 
<latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit><latexit sha1_base64="0GUQEHrCHXbSjgN+hfG11VLZASc="></latexit>

i�3
<latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit><latexit sha1_base64="z7YewZ2os6bQ1dcW+qcxO8w8u+U=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cci0Q1t3RTcuK9gHtGPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaOnMfVCPBIsYARrI7XZbXpWmQ2KJWSf16tltwqRjVDNKTsZKdfcigsdo2QogSWag+J7fxiRJKRCE46V6jko1l6KpWaE01mhnygaYzLBI9ozVOCQKi+dXzuDJ0YZwiCSpoSGc/X7RIpDpaahbzpDrMfqt5eJf3m9RAd1L2UiTjQVZLEoSDjUEcxeh0MmKdF8aggmkplbIRljiYk2ARVMCF+fwv9Ju2w7yHau3VLjYhlHHhyBY3AKHFADDXAFmqAFCLgDD+AJPFuR9Wi9WK+L1py1nDkEP2C9fQKFq48X</latexit>

Since interested only in finite time    , can bring down the barrier to a finite 
value at a small penalty in probability

ti
<latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit>

Borel-Cantelli to conclude the proof

53



decay ? i.e., how does                                              decay ?          

If                , then what moments of                 exists ?                           

Open Questions
�
X

j2Zd

aj < 1 How do correlations x0,1(0)
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d=1, n=51 
� = 0.1419,�c = 1/7
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No propagation of chaos even in an infinite system ! 
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Open Questions

Uniqueness of Stationary Solution 

Existence/construction of other non-degenerate stationary solutions ?

Convergence to Stationary Solution 

Do other initial conditions apart from all empty converge to a stationary 
limit ?

Prediction of bad outage events propagating from ‘far out’ in space
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Summary of the Talk

Two problems in networking

• Introduced new mathematical models and questions


• Demonstrate the effectiveness of the model


Contextual Data in Graph Clustering

Scalability of wireless protocols


• New tools and techniques in the analysis of the proposed models
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Main Proof Idea - Stability
Two systems on              with the same dynamics.

All queues in       are frozen without activity. 


-                   : the set    is a torus.


-                   : the set     has boundary effects.


                          Interference is lower at the boundaries.    

B ⇢ Zd

B

{yi(t)}i2B B

{zi(t)}i2B B

B{



B

Monotonicity

8t 8i 2 B

xi(t) � zi(t)

yi(t) � zi(t)

1)

2)

Two systems on              with the same dynamics.

All queues in       are frozen without activity. 


-                   : the set    is a torus.


-                   : the set     has boundary effects.


                          Interference is lower at the boundaries.    

B ⇢ Zd

{yi(t)}i2B B

{zi(t)}i2B B

B{

Main Proof Idea - Stability



process on a torus.                                 

Finite Torus System
{yi(t)}i2B

Theorem - If                  , then                  is Positive Recurrent and the 

stationary distribution possess exponential moments. Furthermore, the 
mean queue length satisfies

�
X

j2Zd

aj < 1 {yi(t)}i2B

E[y0(t)] =
�

1� �
P

j2Zd aj



Finite Torus System

Theorem - If                  , then                  is Positive Recurrent and the 

stationary distribution possess exponential moments. Furthermore, the 
mean queue length satisfies

�
X

j2Zd

aj < 1 {yi(t)}i2B

Proof Idea of Stability 
d

dt
yi = �� yiP

j2Zd ajy(i�j)/B(t)

i⇤(t) := argmax
i2B

yi(t)

d

dt
yi⇤(t) = ��

yi⇤(t)P
j2Zd ajyi⇤(t)�j(t)

 �� 1P
j2Zd aj

Fluid scale equation

Consider the maximal queue 

This has negative drift

Can upper bound by a stable 

Single server queue.

E[y0(t)] =
�

1� �
P

j2Zd aj

process on a torus.                                 {yi(t)}i2B
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Finite Torus System

Rate Conservation - “On Average what comes in is what goes out”.

For Ex. � = E
"

y0(t)P
j2Zd ajyj/B(t)

1y0(t)>0

#

Avg arrival rate equals avg departure rate.

Key Idea:

I(t) := y0(t)
X

j2Zd

ajyj(t) in stationarity and solve d
dt

E[I(t)] = 0

Average increase due to arrivals - �+ �(
X

j2Zd

aj)E[y0(t)]

Average decrease due to departures - E[y0(t)]

Equating the two yields E[y0(t)] 2
(

�

1� �
P

j2Zd aj
,1

)

Consider



Consider                  and corresponding stationary

Coupling From the Past

B

xi(t) � zi(t) yi(t) � zi(t)

                , process where the set     has boundary effects. 
{zi(t)}i2B B

Monotonicity => and

E[z0(t)] 
�

1� �
P

j2Zd aj
Thus Uniformly in the size of B

Bn % Zd z(n)0 (0)



the truncated      system is started empty at time -t.

Coupling From the Past
Let                 .              - the queue length of queue 0 at time 0, when Bn % Zd

Queues

-t
0Bn

z(n)0,t (0)

Bn

lim
n!1

z(n)0,t (0) = x0,t(0)8t � 0Notice Corollary of the construction

lim
t!1

z(n)0,t := z(n)0,1

Monotonicity =>

and

We know                          

lim
n!1

z(n)0,1 := z(1)
0,1 a.s.

E[z(1)
0,1 ] < 1

sup
n2N

E[z(n)0,1]  �

1� �
P

j2Zd aj

thus,



Lemma - If                  , then

Coupling From the Past

N

Queues

0

TN

x0;1(0) = z(N)
0,TN

9N 2 N 9TN < 1and random such that

a.s.

�
X

j2Zd

aj < 1

We know                          sup
n2N

E[z(n)0,1]  �

1� �
P

j2Zd aj
. Thus E[x0,1(0)]  �
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then  

are coupled with the same driving sequence

If two initial conditions                       and                       s.t. for all 

If                     , then the departure probabilities are ordered by 
induction hypothesis

Monotonicity
{xi(0)}i2Zd {yi(0)}i2Zd

(Ai,Di)i2Zdxi(0)  yi(0)

i 2 Zd

8t � 0 , 8i 2 Zd xi(t)  yi(t)

Proof Induction on events.

Arrivals retain the ordering.

Consider a potential departure event at queue i.
xi(t)  yi(t) + 1If                           , then ordering retained as exactly 1 departure.
xi(t) = yi(t)

xi(t)P
j2Zd ajxi�j(t)

� yi(t)P
j2Zd ajyi�j(t)



Stability Definition - Backward Construction

Time -t Time 0

Queues

xi;t(0)
Queue length of i at time 0 given the entire system was started 

empty at time -t
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Stability Definition - Backward Construction

Time -t Time 0

Queues

xi;t(0)
Queue length of i at time 0 given the entire system was started 

empty at time -t

Monotonicity =>                    is non-decreasing t ! xi;t(0)

xi,1(0) := lim
t!1

xi;t(0) a.s.

P[\i2Zdxi,1(0) < 1] 2 {0, 1}0-1 Law

If                         a.s. => System is stablexi,1(0) < 1

                       is a minimal stationary solution to the dynamics. {xi,1(0)}i2Zd


