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A population partitioned into groups

• Grouping objects given indirect information of memberships.

Community Detection - Abstract Definition



A population 

Community Detection - Examples

1. People on an Online Social Network.

2. Proteins classified into groups based on their functional behavior.

3. Grouping Base-Stations based on similarities in traffic pattern.

partitioned into groups

• Grouping objects given indirect information of memberships.



Graph as Information

Membership Information - Encoded as labeled edges of the graph.

Important sub-class

Population - Represented as nodes of a graph.

Graph Clustering Problem - 

Given an unlabeled graph data, recover the partition of nodes.



Graph Clustering

What if there are additional contextual information on each node ?

Web-pages, the textual content in a page.

Social Networks - Personal information (age, location, income….)

Computational Biology - Metadata generated by measurements.

Graph Clustering  - 

Given an unlabeled graph data, recover the partition of nodes.
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Planted Partition Random Connection Model

Random Graph Parameters 

� > 0

fin(·), fout(·) : R+ ! [0, 1] s.t 8r � 0 , fin(r) � fout(r)

d � 2
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3) Edge between                     with probability either
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Planted Partition Random Connection Model

i, j 2 [1, Nn]

fin(||Xi �Xj ||)

fout(||Xi �Xj ||)
- If                (same colors) Zi = Zj

- If                (different colors) Zi 6= Zj

Conditional on node labels, edges are independent

More edges within  
communities than across.
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Planted Partition Random Connection Model

Model Parameters 
� > 0
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Avg # of neighbors in 
  -   same community is       -

  -   opposite community is  -

Planted Partition Random Connection Model
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<latexit sha1_base64="2qmQXpgktnJl5i6gpzS3os8ipoo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURQRGEoht3VrAPaEKYTCft0MmDmRuhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMngiuwrG+jsrS8srpWXa9tbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fFN4XcfmVQ8jh5gkjA3JMOIB5wS0JJnHjghgRElIrvLvcwBkub48soz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN4+f4WCsDHMRSvwjwVP29kZFQqUno68kirJr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRd4wCWjICaaECq5zorpiEhCQTdW0yXY819eJJ3Thm017PuzevO6rKOKDtEROkE2OkdNdItaqI0oytAzekVvxpPxYrwbH7PRilHu7KM/MD5/ABvMlY4=</latexit><latexit sha1_base64="2qmQXpgktnJl5i6gpzS3os8ipoo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURQRGEoht3VrAPaEKYTCft0MmDmRuhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMngiuwrG+jsrS8srpWXa9tbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fFN4XcfmVQ8jh5gkjA3JMOIB5wS0JJnHjghgRElIrvLvcwBkub48soz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN4+f4WCsDHMRSvwjwVP29kZFQqUno68kirJr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRd4wCWjICaaECq5zorpiEhCQTdW0yXY819eJJ3Thm017PuzevO6rKOKDtEROkE2OkdNdItaqI0oytAzekVvxpPxYrwbH7PRilHu7KM/MD5/ABvMlY4=</latexit><latexit sha1_base64="2qmQXpgktnJl5i6gpzS3os8ipoo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURQRGEoht3VrAPaEKYTCft0MmDmRuhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMngiuwrG+jsrS8srpWXa9tbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fFN4XcfmVQ8jh5gkjA3JMOIB5wS0JJnHjghgRElIrvLvcwBkub48soz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN4+f4WCsDHMRSvwjwVP29kZFQqUno68kirJr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRd4wCWjICaaECq5zorpiEhCQTdW0yXY819eJJ3Thm017PuzevO6rKOKDtEROkE2OkdNdItaqI0oytAzekVvxpPxYrwbH7PRilHu7KM/MD5/ABvMlY4=</latexit><latexit sha1_base64="2qmQXpgktnJl5i6gpzS3os8ipoo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURQRGEoht3VrAPaEKYTCft0MmDmRuhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMngiuwrG+jsrS8srpWXa9tbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fFN4XcfmVQ8jh5gkjA3JMOIB5wS0JJnHjghgRElIrvLvcwBkub48soz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN4+f4WCsDHMRSvwjwVP29kZFQqUno68kirJr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRd4wCWjICaaECq5zorpiEhCQTdW0yXY819eJJ3Thm017PuzevO6rKOKDtEROkE2OkdNdItaqI0oytAzekVvxpPxYrwbH7PRilHu7KM/MD5/ABvMlY4=</latexit>

Community Detection is solvable if there exists an estimator
for every   , and some            s.t.                              n

<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

� > 0
<latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit>

{⌧i}i2[0,Nn]

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>

Solvability         asymptotically beating a random guess⇡<latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit>

                   - Community estimates{⌧i}i2[0,Nn]



Community Detection Problem

Consider the example fin(r) = a1rR fout(r) = b1rR

r  0  b < a  1



Community Detection Problem

Consider the example fin(r) = a1rR fout(r) = b1rR

r  0  b < a  1

Isolated Nodes = No interaction with other points

O⌧  1� e��⌫d(1)R
d

< 1
<latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit><latexit sha1_base64="BE4KsiTCPlC7GWJigiVhasl7Uig="></latexit>

⌫d(1)
<latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit><latexit sha1_base64="77wz2ZONIKjKccOzvNSHwUoUQmY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOj2V9cOqd94vV9yaOwdZJV5OKpCj0S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippXdQ8t+bdX1bqN3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBDaSPTg==</latexit>

Clearly

Vol of unit ball in d dimensions

R



Solvability Phase Transition
An overlap of    is achievable if there exists an estimator             


such that                               

�
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<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

{⌧i}Nn
i=1

<latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit><latexit sha1_base64="ILV0sPJBeiCywz08PGl0ZRmYukI=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQTdC0Y0rqWAf0MQwmU7aoZNJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKWdKO863tbC4tLyyWlorr29sbm3bO7tNlWSS0AZJeCLbIVaUM0EbmmlO26mkOA45bYWDq5HfeqBSsUTc6WFK/Rj3BIsYwdpIgb3v5Z7GWcC8IsjZhVvc5zeBKAK74lSdMdA8caekAlPUA/vL6yYki6nQhGOlOq6Taj/HUjPCaVH2MkVTTAa4RzuGChxT5efj+wt0ZJQuihJpSmg0Vn9P5DhWahiHpjPGuq9mvZH4n9fJdHTu50ykmaaCTBZFGUc6QaMwUJdJSjQfGoKJZOZWRPpYYqJNZGUTgjv78jxpnlRdp+renlZql9M4SnAAh3AMLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH5PWBWs6swd/YH3+AE0HlkQ=</latexit>

lim
n!1

P[O⌧ > �] = 1
<latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit><latexit sha1_base64="+zBJiR15Vd3O2IjkUtoSSORRzeI="></latexit>

Solvability iff any             is achievable� > 0
<latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit><latexit sha1_base64="ljAeuk53+5+xW/HVGtwdczbRCzI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR5jb7CVLdveO3T0hhPwLGwtFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyTVmDJiLRrQgNE1yxhuVWsFaqGcpIsIdoeDP1H56YNjxR93aUslBiX/GYU7ROeuz0UUokV8Tvlit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczy6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+DMdcpZllis4XxZkgNiHT90mPa0atGDmCVHN3K6ED1EitC6nkQggWX14mzbNq4FeDu/NK7TqPowhHcAynEMAF1OAW6tAACgqe4RXePOO9eO/ex7y14OUzh/AH3ucPLP2P6w==</latexit>

# of nodes     Nn ⇠ Poisson(�n)

1

0
��1

<latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit><latexit sha1_base64="6d7HKAX/CPFJiYibEkWrfiM7QMc=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufeEqeDGet43Kq2tb2xulbcrO7t7+wfVw6O2STJNWYsmItHdkBgmuGIty61g3VQzIkPBOuH4duZ3npg2PFEPdpKyQJKh4jGnxDrpsS9cNCIDf1CteXVvDrxK/ILUoEBzUP3qRwnNJFOWCmJMz/dSG+REW04Fm1b6mWEpoWMyZD1HFZHMBPl84Sk+c0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6qrgS/OWTV0n7ou57df/+sta4Keoowwmcwjn4cAUNuIMmtICChGd4hTek0Qt6Rx+LaAkVM8fwB+jzB2bPkCE=</latexit>

�2
<latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit><latexit sha1_base64="8FQpCAit46Yvh49GVbVk4i6juAM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwRdFl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0m7XvO9mn9/WW3cFHWU4BTO4AJ8uIIG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2hTkCI=</latexit>

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>
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Solvability Phase Transition
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Information Theoretically 

 impossible Achieved by 


 our algorithm

Theorem -                                     ,                                such that -   8fin(·), fout(·), d � 2

Community Detection is not solvable

Our algorithm solves Community Detection efficiently

� < �1 =)
� > �2 =)

# of nodes     Nn ⇠ Poisson(�n)

Our algorithm is asymptotically optimal.

9 0 < �1  �2 < 1
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Spatial graph - Locally dense but globally sparse



Algorithm Idea 

Consider the example fin(r) = a1rR fout(r) = b1rR,
r  

0  b < a  1

Spatial graph - Locally dense but globally sparse



Algorithm Idea 
Spatial graph - Locally dense but globally sparse

Consider the example fin(r) = a1rR fout(r) = b1rR,

R

R

Locally Dense - ‘Nearby’ nodes connect with constant probability independent of    

Globally Sparse - Order     edges in total

n

n

SBMSpatial Graph

r  
0  b < a  1



Same community - 

Opposite communities - 

Algorithm Idea

�c(↵)Rd

✓
a2 + b2

2

◆

�c(↵)Rdab

R

R

↵R , ↵ < 2

x y

# common neighbors is Poisson with mean 



Same community - 

Opposite communities - 

Set threshold - 

Pairwise-Classify(x,y)
• IF # (common neighbors) <        , DECLARE  community(x)     community(y)
• ELSE DECLARE      community(x)       community(y)

Algorithm Idea

T (↵) = c(↵)Rd�

✓
a+ b

2

◆2

�c(↵)Rd

✓
a2 + b2

2

◆

�c(↵)Rdab

T (↵)

R

R

↵R , ↵ < 2

x y

# common neighbors is Poisson with mean 
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Same community - 

Opposite communities - 

Set threshold - 

P(Mis-classifying a given pair of nodes at distance        )

Algorithm Idea
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Chernoff bound - 

# common neighbors is Poisson with mean 

Pairwise-Classify(x,y)
• IF # (common neighbors) <        , DECLARE  community(x)     community(y)
• ELSE DECLARE      community(x)       community(y)

T (↵) 6=
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Tesselate       into grids of side R/4

Algorithm Idea
Classify cells to be Good or BadRd



Tesselate       into grids of side R/4

Cell Good if

1. At-least (        ) Mean # of nodes
2. No inconsistencies in pairwise
      checks with all neighboring cells

1� ✏

Algorithm Idea

Same

Same

Different
Example of Inconsistent output

Classify cells to be Good or BadRd



Tesselate       into grids of sideRd R/4

Cell Good if

1. At-least (        ) Mean # of nodes
2. No inconsistencies in pairwise
      checks with all neighboring cells

1� ✏

Algorithm Idea

Same

Same

Different
Example of Inconsistent output

Classify cells to be Good or Bad



Algorithm Idea

- Partition each good component with Pairwise-Classify
- Output +1 estimate to all nodes in bad cells

Main Routine



Algorithm Idea

- Partition each good component with Pairwise-Classify
- Output +1 estimate to all nodes in bad cells

Main Routine

A k-Dependent Percolation Process. [Liggett, Schonmann, Stacey, ’97] 

Algorithm succeeds if a “large”
connected component of “gray”
cells is present



Impossibility
Easier problem - 

Given the data                           , can you classify any two randomly 
chosen nodes better than chance.

(G, {Xi}i2[1,Nn])

p
n

p
n

Community Detection is solvable if the above

can be solved with success probability at-least

(Cluster the whole graph and then answer)

Will prove that the above is not solvable for small �

1 + �

2



Estimate better than chance, the community label of a random node     
given community labels of all “far away” nodes. 

Impossibility
W.h.p. - distance between the two chosen nodes is ‘large’ 

An easier problem

r



Information Flow from Infinity Problem

If answer above is NO, then by classical ergodic arguments
Community Detection is not solvable.

r

Does                 and                             as a measurable function of        9�
0
> 0

G, {Xi}i2N, {Zi : ||Xi|| > r}
⌧

0

0 2 {�1,+1}
such that                                               ?lim inf

r!1
P0[⌧

0

0 = Z0] �
1

2
+ �

0



Information Flow from Infinity Problem

Does                 and                             as a measurable function of        9�
0
> 0

G, {Xi}i2N, {Zi : ||Xi|| > r}
⌧

0

0 2 {�1,+1}
such that                                               ?lim inf

r!1
P0[⌧

0

0 = Z0] �
1

2
+ �

0

Theorem - If the random spatial graph with intensity     and connection 
function                          does not percolate, then the answer to the above 
question is NO.

�
fin(·)� fout(·)

r



Corollary
1. If           , then community detection is not 
     solvable for any                         .

Information Flow from Infinity Problem

Does                 and                             as a measurable function of        9�
0
> 0

G, {Xi}i2N, {Zi : ||Xi|| > r}
⌧

0

0 2 {�1,+1}
such that                                               ?lim inf

r!1
P0[⌧

0

0 = Z0] �
1

2
+ �

0

Theorem - If the random spatial graph with intensity     and connection 
function                          does not percolate, then the answer to the above 
question is NO.

�
fin(·)� fout(·)

d = 1
�, fin(·), fout(·)

r



Information Flow from Infinity Problem
Enriched probability space. 

1) Sample the location labels and community labels as before.

1
3

4

2

5



Enriched probability space. 

1) Sample the location labels and community labels as before.

2)                  - i.i.d.           RVs.
      every pair                 nodes, marked with

Information Flow from Infinity Problem

{Uij}i<j2N U [0, 1]
i < j 2 N Uij

1
3 5
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Information Flow from Infinity Problem
Enriched probability space. 

1) Sample the location labels and community labels as before.

2)                  - i.i.d.           RVs.
      every pair                 nodes, marked with

3) An edge between                iff    

{Uij}i<j2N U [0, 1]
i < j 2 N

Uij  fin(||Xi �Xj ||)1Zi=Zj + fout(||Xi �Xj ||)1Zi 6=Zj

i < j 2 N

Uij

1
3

4

2

5



Information Flow from Infinity Problem
                 , -i.i.d.           sequence.
 Edge between                iff    
{Uij}i<j2N U [0, 1]

i < j 2 N

Uij  fin(||Xi �Xj ||)1Zi=Zj + fout(||Xi �Xj ||)1Zi 6=Zj

Uij



Information Flow from Infinity Problem
                 , -i.i.d.           sequence.
 Edge between                iff    
{Uij}i<j2N U [0, 1]

i < j 2 N

Uij  fin(||Xi �Xj ||)1Zi=Zj + fout(||Xi �Xj ||)1Zi 6=Zj

Only certain edges are Informative

0

1

Uij
fin(||Xi �Xj ||)

fout(||Xi �Xj ||)

No edge always

Presence of an edge always

An edge iff Zi = Zj

Uij



Information Flow from Infinity Problem

0

1

Uij
fin(||Xi �Xj ||)

fout(||Xi �Xj ||)

No edge always

Presence of an edge always

An edge iff Zi = Zj

Create an Information Graph     from               and  {Xi}i2N {Uij}i<j2N

i ⇠I j () fout(||Xi �Xj ||) < Uij  fin(||Xi �Xj ||)
I

Structural Lemma -
i ⇠I j, i ⇠G j =) Zi = Zj

i ⇠I j, i ⌧G j =) Zi 6= Zj

Extend to connected components  
of    instead of just edges.   I



Information Flow from Infinity Problem

                 - Set of nodes in the connected component of origin in   .    VI(0) ⇢ N I

Lemma - On the event                     ,

P0


Z0 = +1

����G, {Uij}i<j , {Xi}i2N, {Zk}k2V {
I (0)

�
=

1

2
a.s.

|VI(0)| < 1

Community labels on disconnected components of    are independent.I

Proof - Bayes’ rule along with the previous structural observation.



On the event                    , no estimator for the community label at origin can 
beat a random guess for large enough   .

Information Flow from Infinity Problem

|VI(0)| < 1
r

Corollary 
If                   a.s. , i.e. if     does not percolate, then cannot solve the
Information Flow from Infinity Problem.

|VI(0)| < 1 I

r



Information Flow from Infinity Problem

r

The Key Idea - 

Reduce to a percolation criteria. 

Labels on different components are independent.

[Mossel, ’00],[Lubetzky, Sly, ’14],
[Abbe,Massoulié,Montanari,Sly,Srivastava,’17]

Drawbacks Our method is provably sub-optimal ! 

Recent methods that improve this technique.
[Polyanskiy, Wu, ’18][Abbe, Boix, ‘18]

https://arxiv.org/search/cs?searchtype=author&query=Polyanskiy%2C+Y


Distinguishability - Are there communities ?

Determine whether the data                     is sampled from

1) The planted model with connection functions          and

{Xi}i2N, G

2)                - a model without planted communities.H�,g(·),d

fin(·) fout(·)



Distinguishability - Are there communities ?

Theorem - The induced measure by               is mutually singular with 
respect to that by      for any    ,                   and       where                                       fin(·), fout(·)

H�,g(·),d
G � fin 6= fout a.e.g(·)

Determine whether the data                     is sampled from

1) The planted model with connection functions          and

{Xi}i2N, G

2)                - a model without planted communities.H�,g(·),d

fin(·) fout(·)



Distinguishability - Are there communities ?

Theorem - The induced measure by               is mutually singular with 
respect to that by      for any    ,                   and       where                                       fin(·), fout(·)

H�,g(·),d
G � fin 6= fout a.e.g(·)

Determine whether the data                     is sampled from

1) The planted model with connection functions          and

{Xi}i2N, G

2)                - a model without planted communities.H�,g(·),d

fin(·) fout(·)

Can learn the presence of a partition, even though in some cases cannot
find it better than a random guess !



Theorem - The induced measure by               is mutually singular with 
respect to that by      for any    ,                   and       where                                       

Distinguishability

fin(·), fout(·)
H�,g(·),d

G � fin 6= fout a.e.g(·)

Proof - Triangle profiles are different in the two models. 
Let     be a large constant.  Define

h̃(Xi) =
X

j,k2N,j 6=k 6=i

h(Xj �Xi, Xk �Xi)1i⇠Gj,i⇠Gk,j⇠Gk

h(x, y) = 1||x||L,||y||L,||x�y||LL

At each node

Ergodicity and moment measure expansion implies the empirical average

is a.s. finite and different in the two models.lim
T!1

P
i2N 1||Xi||T h̃(Xi)P

i2N 1||Xi||T

Proof gives a linear time algorithm to test between the two models.

33



Distinguishability Problem

Can cluster spatially locally, but no way to “synchronize” them.

Connected component to perform  
Community Detection.

Distinguishability only requires large 
 number of “gray” cells.  
True by SLLN for all parameters

New Phenomena - [Mossel, Neeman, Sly, ’15] show that the SBM is 
distinguishable from the Erdos-Renyi graph iff Community Detection is 
solvable on the SBM.



Conclusions

Future Work

• Relax the assumption that spatial locations are known. 
• Either known noisily or are missing completely.

• Spatial graphs are ‘locally-dense’  - basis for algorithms and analysis.

• Community Detection in the case with spatial labels 
    has a non-trivial phase transition.

• Can always identify the presence of a partition, 
    i.e. no phase-transition for the distinguishability problem.



Thank You

https://arxiv.org/abs/1706.09942


